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ABSTRACT. In this paper, we conduct further studies on geometric and analytic prop-
erties of asymptotic expansion in measure. More precisely, we develop a machinery of
Markov expansion and obtain an associated structure theorem for asymptotically expand-
ing actions. Based on this, we establish an analytic characterisation for asymptotic expan-
sion in terms of the Drut¸u-Nowak projection and the Roe algebra of the associated warped
cones. As an application, we provide new counterexamples to the coarse Baum-Connes
conjecture.
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1. INTRODUCTION
This paper is the second part of a broader study of the notion of asymptotic expansion in
measure for measurable actions of countable groups on probability spaces. We introduced
this notion in [26], as a dynamical analogue of a previously defined notion of asymptotic
expansion for metric spaces [25].
Asymptotic expansion in measure is a weakening of expansion in measure as defined
in [53] and it turns out that—for measure-class-preserving actions—it is also equivalent
to the classical notion of strong ergodicity introduced by Schmidt [48] and Connes-Weiss
[10] (see [26] for more details).
More precisely, a measurable action ρ : Γy (X ,ν) of a countable group on a prob-
ability space is asymptotically expanding in measure if for each α ∈ (0, 12 ] there exist
cα > 0 and a finite symmetric set Sα ⊆ Γ such that for every measurable subset A ⊆ X
with α ≤ ν(A)≤ 12 we have
(1.1) ν
( ⋃
s∈Sα
s ·A
)
> (1+ c)ν(A).
The action ρ is called expanding in measure if we can let Sα ≡ S for some fixed S.
In [26] we studied the general structure theory of asymptotically expanding actions.
Most notably, we showed that an action is asymptotically expanding in measure if and
only if it admits an exhaustion by domains of expansion (see Section 2.5 for a more de-
tailed account). This fact allowed us to reprove a few recent–and–old results for strongly
ergodic actions and it is also a key technical tool for the present paper. In addition, we also
made explicit the connection between the notion of asymptotic expansion for measurable
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actions and that of asymptotic expansion for metric spaces. This allowed us to provide a
rich source of concrete examples of asymptotic expander graphs (see [26] for details).
In this paper, we will further study the notion of asymptotic expansion in measure
in the context of measure-class-preserving actions (in particular, all the results here de-
scribed hold for strongly ergodic actions). Adapting the techniques developed in [24] to
the dynamical setting, we are able to prove some rather striking analytic and geometric
properties of asymptotic expansion in measure. More precisely, we obtain an analytic
characterisation of asymptotic expansion in measure in terms of quasi-locality of aver-
aging projections and Roe algebras of the associated warped cones. As a consequence,
we will provide a new source of counterexamples to the coarse Baum–Connes conjecture,
which is a central problem in higher index theory (see, e.g., [39, 58]).
To obtain the above results, we develop a spectral characterisation of (asymptotic) ex-
pansion in measure which we find of independent interest. This is obtained by associating
measure-class-preserving actions with some reversible Markov kernels and by studying
the resulting Laplacians and averaging operators. The spectral characterisation is obtained
by extending some classical results for Markov processes on finite state-spaces to general
Markov kernels. We find that this theory provides a solid framework to study spectral
properties of actions that are not necessarily measure-preserving.
1.1. Spectral gaps and Markov expansion. A probability measure-preserving action
ρ : Γy (X ,ν) always induces a unitary representation pi : Γy L2(X ,ν). If Γ is gener-
ated by a finite symmetric subset S, the action ρ has a spectral gap if there exists some
positive constant κ > 0 such that every f ∈ L2(X ,ν) with ∫X fdν = 0 satisfies
(1.2) ‖ f‖2 ≤ κ ∑
s∈S
‖pi(s) f − f‖2.
This can be seen as an extremely strong version of ergodicity, and it is not very hard to
show that ρ has a spectral gap if and only if it is expanding in measure (this was shown
more or less independently in [7, 16, 20, 51], and was already implicit in earlier works of
K. Schmidt and Connes–Feldmann–Weiss).
With the action ρ is associated a Markov operator P ∈ B(L2(X ,ν)) defined by P≔
1
|S| ∑s∈Spi(s) and a Laplacian ∆≔ 1−P ∈B(L2(X ,ν)). These operators are self-adjoint,
and ρ has a spectral gap if and only if 0 is a simple (i.e., with multiplicity one) isolated
point in the spectrum of ∆ (equivalently, 1 is a simple isolated point in the spectrum of
P). This characterisation in terms of self-adjoint operators is crucial to provide explicit
examples of actions with spectral gap, as it opens a door to algebraic and representation
theoretical tools. In fact, this point of view leads to very deep connections between dy-
namical systems, analysis and number theory. These connections make the study of the
spectral gap property for measure-preserving actions into a very active and important field
of research ([5, 6, 7, 15, 28, 30]).
As an intermediate step toward an analytic study of asymptotic expansion in measure,
we set a framework to extend the above connections to the setting of measure-class-pre-
serving actions. It follows from the work of Houdayer–Marrakchi–Verraedt [20, Theorem
3.2] that expansion in measure is equivalent to (1.2), whenever ρ(s) has bounded Radon–
Nikodym derivative for every s∈ S. In turn, (1.2) holds if and only if 0 is a simple isolated
point in the spectrum of the self-adjoint operator T ≔ ∑s∈S|1−pi(s)|. However, the spec-
trum of the operator T remains difficult to control. It is therefore desirable to produce
some spectral condition which can more adequately describe the notion of expansion.
In this paper, we provide a rather satisfactory answer to the above need by usingMarkov
kernels and Markov expansion. Our approach is based on a shift in paradigm, and can
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be justified by some analogies between finite graphs and dynamical systems. The ori-
gin of these analogies lies in the approximation procedure introduced in [51] and further
developed in [26]. According to this procedure, expansion in measure corresponds to
vertex-expansion for finite graphs [51] and, if the action is measure-preserving, the spec-
tral gap condition (1.2) can be seen as an analogue of spectral expansion for graphs (see
also [42]). It is a classical result that spectral-expansion is equivalent to edge-expansion
([2, 3, 11]), and it is easy to verify that the latter is equivalent1 to vertex-expansion. This
can be seen as the graph-theoretic analogue of the equivalence between (1.2) and expan-
sion in measure for measure-preserving actions.
To be more precise, spectral expansion for a regular finite graph G is defined in terms
of the spectral gap of the discrete Laplacian ∆∈B(L2(G ,ν)). Here ν is the counting mea-
sure on the set of vertices of G and ∆ is defined as 1−P, whereP is the averaging operator
(a.k.a. Markov operator) defined byP f (v)≔∑v∼w f (w)/degree(v) for f ∈ L2(G ,ν). Im-
portantly, if the graph G is not regular then the discrete Laplacian is no longer self-adjoint
in B(L2(G ,ν)). Instead, it is self-adjoint in B(L2(G , ν˜)), where ν˜ is a different measure
which takes into account the degree of each vertex. Spectral expansion is then defined in
terms of the spectrum of ∆ seen as an operator on L2(G , ν˜). A more sophisticated way of
rephrasing this is that the (lazy) simple random walk on a finite connected graph G has a
unique stationary probability measure ν˜ . The probability distribution of the n-th step of
such a random walk converges exponentially fast to ν˜ (in the L2-norm), and the spectral
expansion measures the rate of exponential convergence.
The above discussion can be used as heuristics in the dynamical setting. We remark that
graphs corresponding to a measure-preserving action are “regular on a large scale”.2 It is
therefore natural to expect a correspondence between spectral expansion and expansion in
measure. On the other hand, actions that are not measure-preserving correspond to irreg-
ular graphs (the “large scale degrees” are governed by the Radon–Nikodym derivatives).
This suggests us to search for a spectral characterisation of expansion in measure in terms
of some operator in B(L2(X , ν˜))—where ν˜ is some stationary measure depending on the
Radon–Nikodym derivatives. This is precisely the approach that we take in this paper.
Let Γ be a finitely generated group and S ⊆ Γ a finite symmetric generating set con-
taining the identity element, and let ρ : Γy (X ,ν) be a measure-class-preserving action
with the Radon–Nikodym derivatives r(γ,x)≔ dγ
−1∗ ν
dν (x). It turns out that the measure ν˜
defined by
dν˜(x)≔ ∑
s∈S
r(s,x)
1
2dν(x)
is a stationary measure for the reversible Markov kernel
Π(x, -)≔
1
∑s∈S r(s,x)
1
2
∑
s∈S
r(s,x)
1
2 δs·x.
Naturally associated to Π, there are a Markov operator P and a Laplacian ∆ = 1−
P. Both of these are self-adjoint operators in B(L2(X , ν˜))—we defer to Section 3 for
preliminaries and definitions regarding Markov kernels. Every measurable subset A⊆ X
1Assuming that the graphs have uniformly bounded degree.
2 To give a somewhat precise meaning to the notion of “regular on a large scale” it is necessary to
use the terminology of [26, 51]: given any measurable subset A⊆ X and a sufficiently fine approximation
[A]P , the ratio |∂ [A]P |/|[A]P | will be roughly equal to ν(S ·A)/ν(A). If ρ is measure-preserving and A is
disjoint from s ·A for every s ∈ S, then the latter ratio is equal to |S|. That is, the approximating graphs are
“|S|-regular on a large scale”.
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has a natural notion of “measure of the boundary” |∂Π(A)| ∈R≥0 (Definition 3.2 or [22]),
and we say that ρ is Markov expanding if there is a c> 0 such that
|∂Π(A)|> cν˜(A)
for every A ⊆ X with 0 < ν˜(A) ≤ 12 ν˜(X). This should be thought of as a dynamical
analogue of edge-expansion for graphs.
Our first technical result is a generalisation of the proof of the equivalence between
edge-expansion and spectral expansion from the context of random walks on graphs to
that of general reversible Markov kernels. This result is probably known to experts, but
we were not able to find a proof in the literature.
Theorem A (Theorem 3.7). Let Π be a reversibleMarkov kernel on X with finite reversing
measure m. Let λ2 be the infimum of the spectrum of the restriction of ∆ to the space of
functions with zero average, and let κ ≔ inf|∂Π(A)|/m(A) for A ⊆ X with 0 < m(A) ≤
1
2m(X). Then
κ2
2
≤ 1−λ2 ≤ 2κ .
As a corollary, we immediately obtain a characterisation of Markov expansion in terms
of the spectrum of ∆ ∈B(L2(X , ν˜)). Furthermore, it is relatively easy to show that, when
the Radon–Nikodym derivatives are bounded, Markov expansion is equivalent to the orig-
inal notion of expansion in measure (this is analogous to the equivalence between edge-ex-
pansion and vertex-expansion for graphs of uniformly bounded degrees). This leads us to
the following:
Corollary B (Corollary 3.17, Remark 3.18). Let Θ≥ 1 be a constant. A measure-class-pre-
serving action ρ : Γ y (X ,ν) with 1/Θ ≤ r(s,x) ≤ Θ for every s ∈ S and x ∈ X is
expanding in measure if and only if 0 is a simple isolated point in the spectrum of
∆ ∈B(L2(X , ν˜)).
Remark 1.1. It is not hard to show that Corollary B and [20, Theorem 3.2] are in fact
equivalent. However, we find that our approach has various advantages:
(1) We find that the Laplacian operator ∆ is more natural than T . It should be easier
to handle (e.g., to control spectral gap), and it allows us to borrow several calcula-
tions and results from the classical setting of random walks on graphs.
(2) The spectral gap condition can be rephrased by saying that the restriction of the
Markov operator P to the space functions with zero-average has operator norm
strictly less than 1. It can be useful to know that Pn converges in the operator
norm to the projection onto constant functions (see also Section 4.3).
(3) It allows for a finer control of the expansion constants.
(4) The spectral characterisation of Markov expansion holds true also for actions with
unbounded Radon–Nikodym derivatives (this should be of independent interest).
We restricted the previous discussion to the case of actions of finitely generated groups
for the sake of simplicity. However, the machinery of Markov kernels is very flexible, and
all the results mentioned above will actually be proved for actions of arbitrary discrete
countable groups. Furthermore, we will also study restrictions of actions to subsets of X
which are not necessarily invariant.3 As a sample application, we note that Corollary B
implies the following (see Section 2 for the relevant definitions and Corollary 3.17):
3It would be also possible to extend this theory to include general countable measurable equivalence
relations.
A MARKOVIAN AND ROE-ALGEBRAIC APPROACH TO ASYMPTOTIC EXPANSION 5
Corollary C ([16]). A measure-preserving action Γy (X ,ν) has local spectral gap with
respect to Y ⊆ X if and only if Y is a domain of expansion.
Being able to work with subsets of X is a necessary requirement to use the structure
theorems established in [26], which characterise asymptotic expansion in terms of exhaus-
tions (see Section 2.5). Combining those results with the Markov machinery developed
above, we are able to prove an additional structure result which will play a key role in the
rest of the paper:
Theorem D (Theorem 3.21). A measure-class-preserving action Γy (X ,ν) on a prob-
ability space is asymptotically expanding in measure if and only if every subset Y ⊆ X
admits an exhaustion by domains of Markov expansion.
Remark 1.2. The above theorem remains true when replacing “probability” by “σ -finite”
and “asymptotically expanding in measure” by “strongly ergodic”.
1.2. Warped cones and finite propagation approximations. Our next aim is to study
asymptotically expanding actions via analytic properties of certain projection operators.
This is done by using the warped cone construction as a bridge between the metric and
dynamical setting, and then utilizing Markov expansion. The end result is a dynamical
analogue of the theory developed in [24] to characterise asymptotic expanders using aver-
aging projections.
The notion of warped cone was firstly introduced by Roe in [40] to explore more ex-
amples with/without Yu’s property A and coarse embeddings into Hilbert spaces. The
geometry of warped cones was subsequently studied by a number of people, e.g., [12, 14,
33, 42, 43, 44, 45, 51, 52, 55]. Roughly speaking, given a continuous action Γy (X ,d)
on a compact metric space with diameter at most 2, the associated unified warped cone is
the metric space (OΓX ,dΓ), where OΓX = X × [1,∞) as a set and dΓ is a metric on OΓX
defined in terms of the group action (see Section 4.1 for details).
Given a probability measure ν on (X ,d), we consider the averaging projection PX on
L2(X ,ν), which is the rank-one orthogonal projection onto the space of constant functions
on X . Denoting by λ the Lebesgue measure on [1,∞), the Drut¸u–Nowak projection is
defined as G= PX ⊗ IdL2([1,∞)) ∈B(L2(OΓX ,ν×λ )), which is the orthogonal projection
onto C⊗L2([1,∞),λ ).
The Drut¸u–Nowak projection G was first introduced in [12, Section 6.c.] in their
study on the coarse Baum–Connes conjecture (more details will be provided later). They
showed that if an action is measure-preserving and has a spectral gap, then the projection
G is a norm limit of finite propagation operators in B(L2(OΓX ,ν ×λ )). Recall that an
operator T ∈B(L2(OΓX ,ν×λ )) has finite propagation if there exists R> 0 such that for
any f ,g ∈C0(OΓX) with dΓ(supp( f ),supp(g))> R we have f Tg= 0, where f and g are
regarded as diagonal operators on L2(OΓX ,ν×λ ) via the multiplication representation.
In this paper, we study the converse of Drut¸u–Nowak’s result and prove the following
analytic characterisation for asymptotically expanding actions:
Theorem E (Theorem 4.8 and Theorem 4.16). Let (X ,d) be a metric space with diameter
at most 2 equipped with a Radon probability measure ν , and ρ : Γy X be a continuous
measure-class-preserving action. The following are equivalent:
(1) ρ is asymptotically expanding;
(2) the Drut¸u–Nowak projectionG is quasi-local;
(3) the Drut¸u–Nowak projection G is a norm limit of operators with finite propaga-
tion.
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Remark 1.3. The notion of quasi-locality was introduced by Roe in [38]. It is weaker4
than the property of admitting an approximation by finite propagation operators, and it is
relatively easy to verify. For more details on quasi-locality, we refer readers to [13, 25,
27, 50, 54].
Theorem E is a dynamical analogue of [24, Theorem 6.1], and there are two main
ingredients in its proof. Firstly, we introduce a dynamical notion of finite propagation
approximation and quasi-locality (see Section 4.2 and 4.4) as an intermediate bridge to
connect asymptotic expansion and analytic properties of the Drut¸u–Nowak projection.
Secondly, we apply the tool of Markov expansion to approximate dynamical quasi-local
operators with finite dynamical propagation ones. Due to some correspondence results
(Proposition 4.7 and 4.15), we can then pass from the dynamical notions to their analytic
analogues for unified warped cones and obtain Theorem E.
As a byproduct, we construct numerous projections which can be approximated by
operators with finite propagation (see Corollary 4.17). These projections will be important
in the next section, where we deal with the coarse Baum–Connes conjecture.
1.3. Roe algebras and the coarse Baum–Connes conjecture. Roe algebras are C∗-
algebras associated with metric spaces. TheseC∗-algebras encode coarse geometric infor-
mation of the metric spaces and play key roles in higher index theory (see, e.g., [38, 39, 58]
for more details). We conclude this paper by studying Roe algebras of warped cones as-
sociated to asymptotically expanding actions and provide an application to the so-called
coarse Baum–Connes conjecture.
Given a continuous action Γy (X ,d) on a compact metric space with diameter at most
2 and a non-atomic probability measure ν on (X ,d) with full support, we consider the
multiplication representation C0(OΓX)→ B(L2(OΓX ,ν × λ )). The Roe algebra of the
unified warped cone, denoted by C∗(OΓX), is the norm closure of all finite propagation
locally compact operators in B(L2(OΓX ,ν×λ )) (see Section 5.1 for more details).
Although the Drut¸u–Nowak projection G can be approximated by finite propagation
operators, it is not locally compact because its restriction on L2([1,∞),λ ) is the identity
operator. In order to obtain non-trivial projections in the Roe algebra, Sawicki [43] sug-
gested to consider the integral warped cone and the associated integral Drut¸u–Nowak
projection (see Section 5.1). Since the integral warped cone is coarsely equivalent to
the original warped cone, they have ∗-isomorphic Roe algebras. Based on [12], Sawicki
[43, Proposition 1.3] showed that for a measure-preserving action with spectral gap, the
integral Drut¸u–Nowak projection belongs to the associated Roe algebra.
Theorem E allows us to both extend and provide a converse to Sawicki’s result:
Theorem F (Theorem 5.2, Corollary 5.6). Let (X ,d) be a compact metric space with
diameter at most 2, ν a non-atomic Radon probability measure on X of full support, and
ρ : Γy (X ,d,ν) a continuous measure-class-preserving action. Then ρ is asymptotically
expanding if and only if the integral Drut¸u–Nowak projection belongs to the Roe algebra
C∗(OΓX). Moreover, the integral Drut¸u–Nowak projection is non-compact and ghost.
The study of projections in Roe algebras is motivated by the computation of their K-
theories. The coarse Baum–Connes conjecture asserts that K-theories of Roe algebras
can be computed in terms of homology information of underlying metric spaces. When
true, this establishes a connection between geometry, topology and analysis. One ground-
breaking result on the subject is due to Yu [61], as he showed that the coarse Baum–
Connes conjecture holds for all metric spaces with bounded geometry that are coarsely
4It is conjectured that quasi-locality should be strictly weaker than admitting such approximations.
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embeddable into Hilbert spaces. On the other hand, counterexamples to the conjecture
were subsequently discovered by Higson [17] (see also [18]) using expander graphs. In
a recent joint work with Khukhro, we found more counterexamples using asymptotic
expanders [24].
Understanding which spaces satisfy the coarse Baum–Connes conjecture is still one of
the major questions in higher index theory, as it has significant applications to other areas
of mathematics, such as topology and geometry (see [19, 46, 49, 60] for more details).
It is an open question whether warped cones arising from actions with spectral gap are
counterexamples to the coarse Baum–Connes conjecture. This question was the motiva-
tion behind the introduction of the Drut¸u–Nowak projection in [12]. Recently, Sawicki
[43, Theorem 3.5] proved that sparse warped cones (see Section 5.2) do provide coun-
terexamples to the coarse Baum–Connes conjecture. His proof follows a similar outline
of Higson’s original proof for expander graphs. Using our work on asymptotically ex-
panding actions, we can generalise Sawicki’s result as follows:
Theorem G (Corollary 5.15). Let (X ,d) be a compact metric space of diameter at most 2
equipped with a non-atomic probability measure ν of full support, and ρ : Γy (X ,d,ν)
be a free Lipschitz measure-class-preserving asymptotically expanding action. Under
either of the following conditions:
(1) if Γ has property A and X is a manifold;
(2) if the asymptotic dimension of Γ is finite and X is an ultrametric space;
the coarse Baum–Connes conjecture for the sparse warped cone fails.
Remark 1.4. We can produce examples whose violation of the coarse Baum–Connes con-
jecture can be deduced from Theorem G, but not from any previously known results (see
Example 5.16).
Under some extra conditions (ONL and bounded geometry), it follows by combining
TheoremGwith Yu’s result [61] that warped cones arising from asymptotically expanding
actions cannot coarsely embed into Hilbert spaces. Our last result shows that these extra
conditions are in fact unnecessary (this partially generalises [33, Theorem 3.1]):
Proposition H (Proposition 5.18). Let (X ,d) be a compact metric space of diameter
at most 2 equipped with a non-atomic probability measure ν , and ρ : Γy (X ,d,ν) be
a continuous measure-class-preserving and asymptotically expanding action. Then the
warped cone OΓX does not admit a coarse embedding into any Hilbert space.
1.4. Structure of the paper. Section 2 covers some preliminaries and further illustrates
the connections between this paper and other works. The first half of Section 3 can be read
independently from the rest of the paper and is devoted to introducing reversible Markov
kernels/expansion and proving Theorem A. The second part connects this theory to the
study of measure-class-preserving actions. Here we prove Corollary B, C and Theorem D.
These results will be important to both of the following sections. In Section 4, we recall
the warped cone construction and study asymptotic expansion from the point of view of
warped cones. Here we prove Theorem E. Section 5 is mostly devoted to the study of
Roe algebras of warped cones. In the first part, we prove Theorem F, and in the second
part we provide new counterexamples to the coarse Baum–Connes conjecture by proving
Theorem G. Finally, we conclude this section by proving Proposition H.
Acknowledgments. Wewish to thank AmineMarrakchi for pointing out [9, 31] to us and
for manifesting interest in our work. The first author wishes to thank Damian Sawicki for
helpful discussions on the coarse Baum–Connes conjecture. The second author wishes
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to thank Uri Bader for his helpful conversations. The third author wishes to thank Jan
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2. PRELIMINARIES
2.1. Standing conventions. Throughout the paper, Γ will always be a countable discrete
group. The group Γ will be made into a metric space by fixing a proper length function
(see below). The letter S will always denote a finite subset in Γ. Such a set will often—but
not always—be symmetric (i.e., γ ∈ S implies that γ−1 ∈ S) and containing the identity
element 1 ∈ Γ. We will not generally assume that S generates Γ.
All the measure spaces will be σ -finite and all the actions will be measurable. More
precisely, we say that Γy (X ,ν) is an action as shorthand for saying that Γ is a countable
discrete group acting measurably on a σ -finite measure space (X ,ν). When we equip a
metric space (X ,d) with a measure ν , we will always assume that ν is defined on the
Borel σ -algebra.
2.2. Actions on measure spaces. Let (X ,ν) be a measure space. A measurable subset
A⊆ X of positive finite measure is called a domain. An exhaustion of (X ,ν) is a sequence
of nested measurable subsets Y1 ⊆ Y2 ⊆ ·· · such that
⋃
n∈NYn = X up to measure zero.
We denote exhaustions by Yn ր (X ,ν), or simply Ynր X if the measure is clear from the
context.
A proper length function on Γ is a function ℓ : Γ→{0}∪N which satisfies the follow-
ing:
• ℓ(γ) = 0 if and only if γ = 1 (the identity element in Γ);
• ℓ(γ) = ℓ(γ−1) for every γ ∈ Γ;
• ℓ(γ1γ2)≤ ℓ(γ1)+ ℓ(γ2) for every γ1,γ2 ∈ Γ;
• the number of γ ∈ Γ with ℓ(γ)≤ k is finite for every k ∈N.
It is easy to show that every countable discrete group Γ admits a proper length function
(see e.g. [35, Proposition 1.2.2]). For example, if Γ is a finitely generated group then we
can simply take the word length with respect to an arbitrary finite symmetric generating
set. Any proper length function ℓ induces a left-invariant metric dℓ on Γ by dℓ(γ1,γ2)≔
ℓ(γ−11 γ2). This makes Γ into a proper discrete metric space. Choosing a different length
function ℓ′ will yield a coarsely equivalent metric on Γ (we will not need this fact).
For each k ∈N, we denote by Bk the closed ball in (Γ, ℓ) with radius k and centred at
the identity:
Bk ≔ {γ ∈ Γ | ℓ(γ)≤ k}.
It follows from the definition of length function that each Bk is finite and symmetric,
1 ∈ Bk and Bk ·Bl ⊆ Bk+l for every k, l ∈N.
We will be concerned with actions of Γ on (X ,ν). Given A⊆ X and K ⊆ Γ, let
K ·A≔
⋃
γ∈K
γ ·A.
Since 1 ∈ Bk, we note that A⊆ Bk ·A for every A⊆ X and every k ∈N.
Recall that an action Γy (X ,ν) is measure-class-preserving if it sends measure-zero
sets to measure-zero sets. In this case, for every γ ∈ Γ there is an associated Radon–
Nikodym derivative dγ−1∗ ν/dν that is well-defined up to measure-zero sets.
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2.3. Expansion in measure. Let Γy X be an action and S ⊆ Γ a finite symmetric set.
For any measurable subset A ⊆ X we denote ∂ ΓS A≔ S ·ArA, which should be regarded
as the “boundary of A with respect to the action by S”.
Definition 2.1 ([53]). An action ρ : Γy (X ,ν) on a probability measure space (X ,ν) is
called expanding (in measure) if there exist a constant c > 0 and a finite S ⊂ Γ such that
for any measurable subset A ⊆ X with 0 < ν(A) ≤ 12 , we have ν(∂ ΓS A) > cν(A). In this
case, we say that ρ is (c,S)-expanding or simply S-expanding.
If an action is (c,Bk)-expanding for some k ∈N, we may also say that it is (c,k)-ex-
panding. Note that every expanding action is (c,k)-expanding for some c> 0 and k ∈N.
In an independent work, Grabowski–Máthé–Pikhurko defined a “local” version of ex-
pansion under the name of domain of expansion:
Definition 2.2 ([16]5). Let ρ : Γ y (X ,ν) be an action. A domain Y ⊆ X is called a
domain of expansion for ρ if there exist a constant c > 0 and a finite S ⊆ Γ such that for
every measurable subset A⊆ Y with 0< ν(A)≤ ν(Y )2 , we have
ν
(
(S ·A)∩Y)> (1+ c)ν(A).
In this case, we say that Y is a domain of (c,S)-expansion or simply of S-expansion. As
before, if S= Bk we may say that Y ⊆ X is a domain of (c,k)-expansion.
We note that when ν is finite, ρ : Γy (X ,ν) is expanding if and only if X is a domain
of expansion for ρ . We end this subsection by recalling the following elementary fact,
which will be used in the proof of Proposition 3.19:
Lemma 2.3 ([26, Lemma 3.14]). Let ρ : Γy (X ,ν) be an action and Y ⊆ X a domain.
Assume that Y1,Y2 ⊆Y are domains of S-expansion. If ν(Y1)> 34ν(Y ) and ν(Y2)> 34ν(Y )
then the union Y1∪Y2 is a domain of S-expansion as well.
2.4. (Local) spectral gap. We will work with complex Lp-spaces for p ∈ [1,∞). If we
wish to stress that the Lp-norm of a function on X is computed with respect to the measure
ν , we denote it by ‖ f‖ν,p. Similarly, we will denote the inner product on the Hilbert space
L2(X ,ν) by 〈 f ,g〉ν .
Given a measurable subset Y in a measure space (X ,ν), we denote the restriction of ν
to Y by ν|Y . With a slight abuse of notation, we also use the symbol ν|Y to denote the
measure on X which gives measure 0 to X rY and coincides with ν on all measurable
subsets of Y (i.e., ν|Y = χY · ν where χY is the indicator function of Y ). This will not
cause confusion, as the meaning will be clear from the context.
A measure-preserving action ρ : Γy (X ,ν) on a probability measure space (X ,ν) has
a spectral gap if there exist a constant κ > 0 and a finite S⊆ Γ such that for every function
f ∈ L2(X ,ν) with ∫X fdν = 0 we have
(2.1) ‖ f‖2 ≤ κ ∑
γ∈S
‖γ · f − f‖2,
where γ · f (x)≔ f (γ−1 · x). It can be shown that the action ρ is expanding in measure if
and only if it has a spectral gap (see, e.g., [53, Section 7]).
In [7], Boutonnet–Ioana–Golsefidy introduced the following localised version of spec-
tral gap:
5The authors of [16] only consider measure-preserving actions, but their definition makes sense for
general measurable actions as well.
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Definition 2.4 ([7, Definition 1.2]). Let ρ : Γy (X ,ν) be a measure-preserving action
and Y ⊆ X be a domain. The action ρ has local spectral gap with respect to Y if there
exist a constant κ > 0 and a finite S⊆ Γ such that
(2.2) ‖ f‖ν|Y ,2 ≤ κ ∑
γ∈S
‖γ · f − f‖ν|Y ,2
for every f ∈ L2(X ,ν) with ∫Y fdν = 0.
It is clear that when ν is a probability measure, ρ has spectral gap if and only if it has
local spectral gap with respect to the whole X .
It is shown in [16, Lemma 5.2] that a measure-preserving action ρ : Γy (X ,ν) has
local spectral gap with respect to a domainY ⊆X if and only if Y is a domain of expansion
for ρ . This fact can also be deduced from [20, Theorem 3.2] (or by adapting the arguments
of [53, Section 7]). Later on, we will provide an alternative proof based on our study of
Markov kernels (see Corollary 3.17).
Remark 2.5. Equations (2.1) and (2.2) make sense also if the action is not measure-pre-
serving (although in this case it would be perhaps more appropriate to refer to them as
Poincaré inequalities, rather than spectral gaps). It follows from [20, Theorem 3.2] that—
as long as the Radon–Nikodym derivatives are bounded—the characterisation of (domains
of) expansion in measure in terms of (local) spectral gaps also holds for actions that do
not necessarily preserve measures.
2.5. Asymptotic expansion in measure and structure theorems. The following weak-
ening of expansion in measure was defined in [26] in analogy with [24, 25]:
Definition 2.6 ([26, Definition 3.1]). Let ρ : Γy (X ,ν) be an action on a space (X ,ν)
of finite measure. The action ρ is called asymptotically expanding (in measure) if there
exist functions
¯
c : (0, 12 ]→R>0 and ¯k : (0,
1
2 ]→N such that for every α ∈ (0, 12 ] we have
(2.3) ν
(
B
¯
k(α) ·A
)
> (1+
¯
c(α))ν(A)
for every measurable subset A⊆ X with αν(X)≤ ν(A)≤ ν(X)2 .
For a finite S ⊆ Γ, we say that ρ is (
¯
c,S)-asymptotically expanding (in measure) (or
simply S-asymptotically expanding) if for every α ∈ (0, 12 ] and measurable subset A⊆ X
with αν(X)≤ ν(A)≤ ν(X)2 , we have ν(S ·A)> (1+ ¯c(α))ν(A).
Remark 2.7. When the acting group Γ is finitely generated by a finite symmetric set S, a
measure-class-preserving action ρ : Γy (X ,ν) on a probability space is asymptotically
expanding if and only if it is S-asymptotically expanding (see [26, Lemma 3.16]). We
will not need this fact in this paper.
This notion turns out to be naturally related to strong ergodicity. Recall that a mea-
sure-class-preserving action ρ : Γy (X ,ν) on a probability space (X ,ν) is called strongly
ergodic [10, 47] if any sequence of measurable subsets {Cn}n∈N inX with lim
n→∞ ν(Cn△γCn)=
0 for every γ ∈ Γ, must satisfy
lim
n→∞ ν(Cn)(1−ν(Cn)) = 0.
Note that for two equivalent finite measures ν , ν ′ on a space X and any sequence of
measurable subsets (An)n∈N in X , ν(An)→ 0 if and only if ν ′(An)→ 0. Hence, strong
ergodicity only depends on the measure-class of the given measure. Therefore, the fol-
lowing is well-posed:
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Definition 2.8 ([21]). A measure-class-preserving action on a (possibly infinite) measure
space is strongly ergodic if ρ : Γy (X ,ν ′) is strongly ergodic with respect to some (hence
every) probability measure ν ′ equivalent to ν .
Proposition 2.9 ([26, Proposition 3.5]). Let ρ : Γy (X ,ν) be a measure-class-preserv-
ing action on a probability space. Then ρ is strongly ergodic if and only if it is asymptot-
ically expanding in measure.
In particular, explicit examples of strongly ergodic actions (e.g., those constructed in
[1]) give rise to explicit examples of asymptotically expanding actions.
The following is a localised version of Definition 2.6:
Definition 2.10 ([26, Definition 3.7]). Let ρ : Γy (X ,ν) be an action. A domain Y ⊆ X
is called a domain of asymptotic expansion for ρ if there exist functions
¯
c : (0, 12 ]→R>0
and
¯
k : (0, 12 ]→N such that for every α ∈ (0, 12 ] and measurable A ⊆ Y with αν(Y ) ≤
ν(A)≤ ν(Y )2 , we have
ν
(
(B
¯
k(α) ·A)∩Y
)
> (1+
¯
c(α))ν(A).
For a finite S⊆ Γ, we say that Y is a domain of (
¯
c,S)-asymptotic expansion (or simply
domain of S-asymptotic expansion) if for every α ∈ (0, 12 ] and measurable subset A ⊆ X
with αν(X)≤ ν(A)≤ ν(X)2 , we have ν
(
(S ·A)∩Y)> (1+
¯
c(α))ν(A).
When ν is finite, an action ρ : Γy (X ,ν) is asymptotically expanding (in measure) if
and only if X is a domain of asymptotic expansion for ρ .
The fact that Definitions 2.6 and 2.10 are only concerned with domains of measure at
most ν(X)/2 (resp. ν(Y )/2) makes them easier to verify, but sometimes awkward to use.
The following elementary result is helpful to bypass this issue:
Lemma 2.11 ([26, Lemma 3.8]). Let Y ⊆ X be a domain of asymptotic expansion for an
action Γy (X ,ν). Then there exist functions
¯
b : [12 ,1)→ R>0 and ¯h : [
1
2 ,1)→N such
that for every β ∈ [12 ,1), we have
ν
(
(B
¯
h(β ) ·A)∩Y
)
> (1+
¯
b(β ))ν(A)
for every measurable subset A⊆ Y with 12ν(Y )≤ ν(A)≤ βν(Y ).
For later use, we end this subsection by recalling some structure results established in
[26, Section 4].
Proposition 2.12 ([26, Proposition 4.5 and 4.11]). Let Γy (X ,ν) be an action, Y ⊆ X
be a domain of asymptotic expansion and (Zn)n∈N be a sequence of nested subsets of Y
with ν(Zn)→ 0. Then there exist N0 ∈N, a sequence of finite subsets Sn ⊆ Γ and an
exhaustion Yn ր Y by domains of Sn-expansion such that Yn ⊆ Y rZn for every n> N0.
Theorem 2.13 ([26, Theorem 4.9]). Let ρ : Γy (X ,ν) be a measure-class-preserving
action. Then the following are equivalent:
(1) ρ is strongly ergodic;
(2) every finite measure subset is a domain of asymptotic expansion;
(3) ρ is ergodic and X admits a domain of expansion.
Remark 2.14. For measure-preserving actions, the equivalence “(1) ⇔ (3)” of Theo-
rem 2.13 had been previously proved in [31, Theorem A].
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3. EXPANSION AND REVERSIBLE MARKOV KERNELS
In the first part of this section, we introduce the language of Markov kernels and to
prove a general estimate for the Cheeger constant of a reversible Markov kernel in terms
of the spectrum of the associated Laplacian operator. In the second part, we show that
measure-class preserving actions give rise to reversible Markov kernels. This allows us
to define the notion of (domain of) Markov expansion and to characterise asymptotic
expansion in terms of exhaustions by domains of Markov expansion. This result will be
pivotal in the subsequent sections.
3.1. Preliminaries on Markov kernels. We begin by recalling a few elementary prop-
erties of reversible Markov kernels. We refer to the first chapters of [37] for more back-
ground and details.
Definition 3.1. Let E be a σ -algebra on a set X . A Markov kernel on the measurable
space (X ,E ) is a function Π : X×E → [0,1] such that:
(1) for every x ∈ X , the function Π(x, - ) : E → [0,1] is a probability measure;
(2) for every A ∈ E , the function Π( - ,A) : X → [0,1] is E -measurable.
If f : X → R is integrable with respect to the probability measure Π(x, -), we denote
its integral by ∫
X
f (y)Π(x,dy)≔
∫
X
f (y)dΠ(x, -)(y)
(the integral is then naturally extended to complex-valued functions). The associated
Markov operator P is a linear operator on the space of bounded E -measurable functions,
defined by
P f (x)≔
∫
X
f (y)Π(x,dy).
Since Π( - ,A) is measurable for every A ∈ E , we can define an operator Pˇ on the space
of measures on (X ,E ) by letting
νPˇ(A)≔
∫
X
Π(x,A)dν(x)
for every measure ν on (X ,E ). The operators P and Pˇ are dual to one another in the
sense that
(3.1)
∫
X
P f (x)dν(x) =
∫
X
f (x)dνPˇ(x),
whenever the integrals are defined.
Definition 3.2 ([22]). Given a measure ν on (X ,E ) and an A ∈ E , the (ν-)size of the
boundary of A (with respect to Π) is defined as
|∂ΠA|ν ≔
∫
A
Π(x,X rA)dν(x).
Remark 3.3. Heuristically, a Markov kernel can be described as “moving mass across X”
without creating nor destroying it: the value Π(x,A) is the proportion of the mass that is
moved from the point x into the set A. The measure νPˇ is the distribution of mass on
X that is obtained after moving the initial distribution ν according to the kernel Π. The
function P f assigns to a point x ∈ X the expected value of f when spreading x across X
according to the kernel Π.
The duality formula (3.1) on the indicator function f = χA can be understood as saying
that the total ν-mass that is moved into a set A by the kernel Π is equal to to ν-integral of
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the likelihood that Π will take x into A. The size of the boundary of A ∈ E is the amount
of ν-mass that is carried outside A by Π.
We will only be concerned with some special Markov kernels:
Definition 3.4. A Markov kernel Π is called reversible if there exists a measure m on
(X ,E ) such that ∫
X
f (x)Pg(x)dm(x) =
∫
X
P f (x)g(x)dm(x)
for every pair of measurable bounded functions f ,g : X →R. The measure m is said to be
a reversing measure for Π (note that m need not be unique in general). To specify which
reversing measure is being considered, we say that Π is a reversible Markov kernel on
(X ,m).
Let m be a measure on X . We define the measure µ on X×X by letting
(3.2) µ(A×B)≔
∫
A
Π(x,B)dm(x) =
∫
X
χA(x)PχB(x)dm(x)
for every A,B ∈ E . Then m is a reversing measure if and only if µ is symmetric, i.e.,
µ(A×B) = µ(B×A) for every A,B ∈ E . In this case, we have
(3.3) |∂Π(A)|m = µ
(
A× (X rA))= µ((X rA)×A)= |∂Π(X rA)|m.
In other words, the m-size of the boundary of any measurable set is equal to the m-size of
the boundary of its complement.
For the rest of this section, let us fix a reversible Markov kernel Π on (X ,m). We note
that
mPˇ(A) = µ(X ×A) = µ(A×X) =
∫
A
Π(x,X)dm(x) = m(A),
i.e., m is invariant under Pˇ. Hence, the Cauchy–Schwarz inequality yields:∫
X
|P f (x)|2dm(x)≤
∫
X
P| f |2(x)dm(x) =
∫
X
| f |2(x)dmPˇ(x) =
∫
X
| f |2(x)dm(x) = ‖ f‖2m,2.
Therefore, the Markov operator P can be regarded as a bounded operator on L2(X ,m)
with norm ‖P‖ ≤ 1. Since m is reversing, the operator P is self-adjoint.
Now, for any p ∈ [1,∞) and any f ∈ Lp(X ,m), we define its p-Dirichlet energy as
Ep( f )≔
1
2
∫
X×X
| f (x)− f (y)|pdµ(x,y).
Since µ is symmetric, we note that∫
X×X
|χA(x)−χA(y)|pdµ(x,y) = µ
(
A× (X rA))+µ((X rA)×A)= 2µ(A× (X rA)).
Hence for every p ∈ [1,∞), we have
(3.4) Ep(χA) = |∂Π(A)|m.
Finally, we observe that for any f ∈ L2(X ,m) we have
E2( f ) =
1
2
∫
X×X
| f |2(x)+ | f |2(y)−2Re( f (x) f (y)) dµ(x,y) = ‖ f‖2m,2−〈 f ,P f 〉m,
where the last equality uses the reversibility.
We define the Laplacian of Π as ∆≔ 1−P, then we have E2( f ) = 〈 f ,∆ f 〉m for every
f ∈ L2(X ,m). In particular, the Laplacian ∆ is a positive self-adjoint operator whose
spectrum is contained in [0,2].
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3.2. Isoperimetric inequalities and spectra of Markov kernels. It is a well-known re-
sult that a sequence of finite graphs is a family of expanders if and only if the Markov
operators associated with the simple random walks have a uniform spectral gap [2, 3, 11].
In this subsection, we will extend this result to the context of Markov kernels.
Let Π be a reversible Markov kernel on (X ,m), where m is a finite measure. Then all
constant functions on X belong to L2(X ,m) and are fixed by P. It follows that ‖P‖ = 1
and 1 belongs to the spectrum of P. Denote the orthogonal complement of the constant
functions in L2(X ,m) by L20(X ,m), i.e.,
L20(X ,m)≔
{
f ∈ L2(X ,m) ∣∣ ∫
X
f (x)dm(x) = 0
}
.
Note that L20(X ,m) isP-invariant and that the spectrum of the restriction ofP on L
2
0(X ,m)
is contained in [−1,1]. We denote the supremum of this spectrum by λ2 ∈ R. We make
the following definition:
Definition 3.5. A reversible Markov kernel on a finite measure space (X ,m) is said to
have a spectral gap if λ2 < 1.
It is clear from the definition that the reversible kernel Π has a spectral gap if and only
if 1 is isolated in the spectrum of P and the 1-eigenspace consists of constant functions
on X . Equivalently, this happens if and only if 0 is isolated in the spectrum of ∆ = 1−P
and the 0-eigenspace consists of constant functions. Obviously, we have that
(3.5) 1−λ2 = inf
{
E2( f )
‖ f‖2m,2
∣∣∣∣∣ f ∈ L20(X ,m)
}
.
In analogy with the notion of Cheeger constants for finite graphs, we define:
Definition 3.6. The Cheeger constant for a reversible Markov kernel Π on (X ,m) is
κ ≔ inf
{ |∂Π(A)|m
m(A)
∣∣∣∣ A ∈ E , 0< m(A)≤ 12m(X)
}
.
We can now state the following theorem relating Cheeger constants and spectral gaps
in the context of Markov kernels:
Theorem 3.7. Let Π be a reversible Markov kernel on (X ,m) where m is finite. Then
κ2
2
≤ 1−λ2 ≤ 2κ .
As mentioned before, special cases of the above result are very well-known. Two such
instances are given by simple random walks on finite or countably infinite graphs: the for-
mer gives a spectral characterisation of expansion [2, 3, 11], while the latter characterises
non-amenability [11, 23, 32]. In [22] Kaimanovich proved a version of Theorem 3.7 for
reversible Markov kernels on infinite measure spaces (he actually proved much more re-
fined results concerning p-capacities and Dirichlet norms). Lyon–Nazarov proved it for
Markov kernels arising from measure-preserving actions on probability spaces [29, Theo-
rem 3.1]6. Yet, we could not find an actual proof of Theorem 3.7 in the literature and thus
prefer to provide one here. Our proof is modelled on the one for Markov processes on fi-
nite state spaces [36, 59]: most of its key points generalise without difficulties (Lemma 3.8
6[29, Theorem 3.1] also claims that the spectrum of the Markov operator is bounded away from −1, but
this is not correct: there is a small mistake at the very end of their proof. It is also worth pointing out that
their proof is based on an inequality which they claim holds true by “checking cases”. We are unable to
verify such inequality.
A MARKOVIAN AND ROE-ALGEBRAIC APPROACH TO ASYMPTOTIC EXPANSION 15
and Lemma 3.9), but the concluding argument is considerably more involved—especially
for the claimed bounds.
Lemma 3.8. If g ∈ L1(X ,m) is a function that takes value in [0,∞) and such that m({g>
0})≤ 12m(X), then E1(g)≥ κ‖g‖m,1.
Proof. By hypothesis, we have that∫
X
g(x)dm=
∫ ∞
0
m({g≥ t})dt ≤ 1
κ
∫ ∞
0
|∂Π({g≥ t})|mdt,
where κ denotes the Cheeger constant. Using (3.4) we deduce:∫
X
g(x)dm≤ 1
κ
∫ ∞
0
E1(χ{g≥t})dt.
=
1
2κ
∫ ∞
0
∫
X×X
|χ{g≥t}(x)−χ{g≥t}(y)|dµ(x,y)dt
=
1
2κ
∫
X×X
(∫ ∞
0
|χ{g≥t}(x)−χ{g≥t}(y)|dt
)
dµ(x,y)
=
1
2κ
∫
X×X
|g(x)−g(y)|dµ(x,y),
thus proving the lemma. 
In turn, this is used to prove the estimate that lies at the heart of the proof of Theo-
rem 3.7:
Lemma 3.9. If g ∈ L2(X ,m) is a function that takes value in [0,∞) and such that m({g>
0})≤ 12m(X), then
E2(g)≥ κ
2
2
‖g‖2m,2.
Proof. Firstly, we note that ‖g‖2m,2 = ‖g2‖m,1. We can hence apply Lemma 3.8 to the
function g2 to obtain
(3.6) κ‖g‖2m,2 ≤ E1(g2).
Using the Cauchy–Schwarz inequality, we can estimate the value E1(g2) as follows:
E1(g
2) =
1
2
∫
X×X
|g2(x)−g2(y)|dµ(x,y)
=
1
2
∫
X×X
|g(x)−g(y)| · |g(x)+g(y)|dµ(x,y)
≤ 1
2
(∫
X×X
|g(x)−g(y)|2dµ(x,y)
) 1
2
(∫
X×X
|g(x)+g(y)|2dµ(x,y)
) 1
2
=
1
2
(
2E2(g)
) 1
2
(
2‖g‖2m,2+2〈g,Pg〉m
) 1
2
≤
√
2E2(g)
1
2‖g‖m,2.
The proof is complete once we combine the above estimate with (3.6). 
Finally, we are ready to prove the main theorem of this subsection:
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Proof of Theorem 3.7. Given a measurable A⊆ X with 0<m(A)≤ 12m(X), let fA≔ χA−
m(A)
m(X) be the projection of χA to L
2
0(X ,m). Then
‖ fA‖2m,2 = (m(X)−m(A))
m(A)
m(X)
≥ 1
2
m(A).
Using (3.4) we deduce that
1−λ2 ≤ E2( fA)‖ fA‖2m,2
=
|∂Π(A)|m
‖ fA‖2m,2
≤ 2 |∂Π(A)|m
m(A)
,
and hence 1−λ2 ≤ 2κ .
For the other direction, we need to show
κ2
2
≤ inf
f∈L20(X ,m)
〈 f ,∆ f 〉m
‖ f‖2m,2
= inf
f∈L20(X ,m)
E2( f )
‖ f‖2m,2
= 1−λ2.
Since P is self-adjoint, the spectral theorem implies that there exists a sequence of
real-valued functions fn ∈ L20(X ,m) with ‖ fn‖m,2 = 1 such that ‖P fn− λ2 fn‖m,2 → 0.
In particular, 〈 fn,∆ fn〉 → 1− λ2. Write fn = f+n − f−n , where f+n (x) ≔ max{0, fn(x)}
and f−n (x)≔ max{0,− fn(x)}. Replacing fn with − fn if necessary, we can assume that
m({ fn(x)> 0})≤ 12m(X).
If each fn was an eigenfunction for ∆, we would immediately have
(3.7)
〈 f+n , (∆ fn)+〉m
‖ f+n ‖2m,2
=
〈 fn , ∆ fn〉m
‖ fn‖m,2
.
In this case, the proof of the theorem would easily follow from Lemma 3.9. Yet, this need
not be the case for general Markov kernels. This is the place where our argument differs
from the classical proof for finite-state processes.
On the way to overcome this difficulty, we will first need to modify fn to ensure that
‖ f+n ‖m,2 is bounded away from 0. If ‖ f+n ‖m,2 does not tend to 0, we simply pass to
a subsequence hn ≔ fkn so that ‖h+n ‖m,2 is bounded away from 0. Otherwise, we have
‖ f+n ‖m,2→ 0. Since m is finite, we also have ‖ f+n ‖m,1→ 0. On the other hand, ‖ f+n ‖m,1 =
‖ f−n ‖m,1 because fn ∈ L20(X ,m). It follows that there exists a sequence cn > 0 such that
cn → 0 and m({ f−n (x)≥ cn})→ 0. We then define hn≔−( fn+ cn) and also note that
‖Phn−λ2hn‖m,2 ≤ ‖P fn−λ2 fn‖m,2+‖P−λ2‖ · ‖cn‖→ 0 as n→ ∞.
For n large enough we havem({h+n (x)> 0})≤m(X)/2 and ‖h+n ‖m,2≥‖ f−n ‖m,2−‖cn‖m,2
tends to 1, as 1= ‖ f+n ‖2m,2+‖ f−n ‖2m,2 and ‖ f+n ‖m,2 → 0.
We are now ready to complete the proof. Note that
〈h+n ,(Phn)+〉m−λ2‖h+n ‖2m,2 = 〈h+n , (Phn)+−λ2h+n 〉m
and by the Cauchy–Schwarz inequality, we have that
|〈h+n , (Phn)+−λ2h+n 〉|
‖h+n ‖2m,2
≤ ‖(Phn)
+− (λ2hn)+‖m,2
‖h+n ‖m,2
≤ ‖Phn−λ2hn‖m,2‖h+n ‖m,2
.
Since ‖h+n ‖m,2 is bounded away from 0, the right hand side in the above inequality tends
to 0 and therefore
1−λ2 = lim
n→∞
‖h+n ‖2m,2−〈h+n , (Phn)+〉m
‖h+n ‖2m,2
.
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Finally, since 〈h+n ,P(h+n )〉m ≥ 〈h+n ,(Phn)+〉m, we deduce that
1−λ2 ≥ lim
n→∞
‖h+n ‖2m,2−〈h+n ,P(h+n )〉m
‖h+n ‖2m,2
= lim
n→∞
〈h+n , ∆(h+n )〉m
‖h+n ‖2m,2
= lim
n→∞
E2(h
+
n )
‖h+n ‖2m,2
and the latter is greater or equal to κ
2
2 by Lemma 3.9, as desired. 
3.3. Markov kernels from actions. Let Γy (X ,ν) be a measure-class-preserving ac-
tion. For every γ ∈ Γ and x ∈ X , let r(γ,x)≔ dγ−1∗ ν
dν (x) be the Radon-Nikodym derivative.
Note that r(γ,x) = r(γ−1,γ(x))−1 and for any measurable function f on X we have∫
X
f (γ · x)dν(x) =
∫
X
f (x)r(γ−1,x)dν(x)
when the integrals exist. In particular, for every measurable Y ⊆ X we have
(3.8)
∫
Y
f (γ · x)r(γ,x) 12dν(x) =
∫
γ(Y )
f (x)r(γ−1,x)
1
2dν(x)
when the integrals exist.
Now fix a finite symmetric subset S ⊆ Γ containing the identity 1, and a measurable
subset Y ⊆ X (which might have infinite measure). For every x ∈ Y , let SY,x ≔ {s ∈ S |
s · x ∈ Y} and
(3.9) σY,S(x)≔ ∑
s∈SY,x
r(s,x)
1
2 .
Definition 3.10. Let Γy (X ,ν) be a measure-class-preserving action. The normalised
local Markov kernel associated with Y and S is the Markov kernel on Y defined by
ΠY,S(x, -)≔
1
σY,S(x)
∑
s∈SY,x
r(s,x)
1
2 δs·x
where δy is the Dirac delta measure on the point y, and we denote the associated Markov
operator by PY,S. We say that ΠS ≔ ΠX ,S is the normalised Markov kernel associated
with S.
For later use, we record here an elementary but convenient integration formula: for
every measurable function G : S×Y → C we have
(3.10)
∫
Y
∑
s∈SY,x
G(s,x)dν(x) =
∫
Y
∑
s∈S
χ{s−1(Y )}(x)G(s,x)dν(x) = ∑
s∈S
∫
Y∩s−1(Y )
G(s,x)dν(x)
(when the integral is defined).
One of the key properties of normalised local Markov kernels is that they are reversible.
In fact, consider the measure ν˜Y,S on Y defined by
dν˜Y,S ≔ σY,S ·d(ν|Y ).
In other words, ν˜Y,S is obtained by rescaling the restriction of ν to Y by the density func-
tion σY,S. Then the following holds true:
Proposition 3.11. Let Γy (X ,ν) be a measure-class-preserving action and S be a finite
symmetric subset of Γ containing the identity 1. Then:
(1) The measure ν˜Y,S is equivalent to the restriction ν|Y .
(2) If ν(Y ) is finite, then ν(A)≤ ν˜Y,S(A)≤ |S|
√
ν(A)ν(Y ) for any measurable A⊆Y .
In particular, in this case ν˜Y,S(Y ) is also finite.
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(3) The measure ν˜Y,S is reversing for the normalised local Markov kernel ΠY,S. The
associated measure µ on Y ×Y—defined by (3.2)—is determined by the formula:
(3.11)
∫
Y×Y
F(x,y)dµ(x,y) = ∑
s∈S
∫
Y∩s−1(Y )
r(s,x)
1
2F(x,s · x)dν(x)
for every integrable function F on Y ×Y .
Proof. (1). Note that 0 < r(s,x) < ∞ for ν-almost every x ∈ X because the action is
measure-class-preserving. Since S contains the identity 1, we know that SY,x is non-empty
for every x ∈Y . It follows immediately that a measurable subset of Y is ν-null if and only
if it is ν˜Y,S-null.
(2). Since 1 ∈ SY,x, we have ν(A) ≤ ν˜Y,S(A) for any measurable A ⊆ Y . On the other
hand, by (3.10) and the Cauchy–Schwarz inequality we have
ν˜Y,S(A) = ∑
s∈S
∫
A∩s−1(Y )
r(s,x)
1
2dν(x)≤ ∑
s∈S
ν(A∩ s−1(Y )) 12 (∫
A∩s−1(Y )
r(s,x)dν(x)
) 1
2
≤ (∑
s∈S
ν(A)
) 1
2 · (∑
s∈S
ν((s ·A)∩Y)) 12 ≤ |S|√ν(A)ν(Y ).
(3). Let us first verify the formula for µ . By definition, for any measurable function F
on Y ×Y we have that∫
Y×Y
F(x,y)dµ(x,y) =
∫
Y
∫
Y
F(x,y)ΠY,S(x,dy)dν˜Y,S(x)
=
∫
Y
1
σY,S(x)
∑
s∈SY,x
r(s,x)
1
2F(x,s · x)dν˜Y,S(x)
=
∫
Y
∑
s∈SY,x
r(s,x)
1
2F(x,s · x)dν(x)
= ∑
s∈S
∫
Y∩s−1(Y )
r(s,x)
1
2F(x,s · x)dν(x),
where the last step follows from (3.10).
In order to show that ν˜Y,S is reversing for ΠY,S, it suffices to prove:∫
Y×Y
F(x,y)dµ(x,y) =
∫
Y×Y
F(y,x)dµ(x,y)
for every measurable function F on Y ×Y . From (3.11), we have that∫
Y×Y
F(y,x)dµ(x,y) = ∑
s∈S
∫
Y∩s−1(Y )
r(s,x)
1
2F(s · x,x)dν(x)
= ∑
s∈S
∫
sY∩Y
r(s−1,x)
1
2F(x,s−1 · x)dν(x)
= ∑
s∈S
∫
Y∩s−1(Y )
r(s,x)
1
2F(x,s · x)dν(x)
=
∫
Y×Y
F(x,y)dµ(x,y),
where we use (3.8) for the second equation, and use S= S−1 for the third one. 
Remark 3.12. The assumption that 1∈ S is only used to ensure that SY,x is always non-empty
for every x∈Y . This assumption can be dropped if one already knows, a priori, that SY,x
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non-empty (e.g., Y is Γ-invariant). On the contrary, the condition that S= S−1 is essential
for the proof of reversibility in Proposition 3.11.
Having introduced the reversible normalised local Markov kernel ΠY,S, we would like
to apply the techniques developed in previous subsections to asymptotically expanding
actions. Firstly, let us give the following definition:
Definition 3.13. Let Γy (X ,ν) be a measure-class-preserving action and Y ⊆ X be a
domain. Let S ⊆ Γ be a finite symmetric subset with 1 ∈ S, then Y is called a domain
of Markov S-expansion (for the action) if the associated normalised local Markov kernel
ΠY,S has strictly positive Cheeger constant (see Definition 3.6). Y is called a domain of
Markov expansion if it is a domain of Markov S-expansion for some finite symmetric
S⊆ Γ with 1 ∈ S.
By Theorem 3.7, Y is a domain of Markov S-expansion if and only if the normalised
local Markov kernel ΠY,S has spectral gap. In other words, 1 is isolated in the spectrum
of the Markov operator PY,S and the 1-eigenspace consists of constant functions on X .
When this is the case, the following lemma holds true.
Lemma 3.14. The Markov kernel ΠY,S has spectral gap if and only if the restriction of
the Markov operatorPY,S on L
2
0(Y, ν˜Y,S) has norm strictly less than 1.
Proof. The proof follows from direct calculations and a classical argument using the uni-
form convexity of Hilbert spaces and is hence left to the reader (note that the spectrum of
PY,S is bounded away from −1 as 1 ∈ S). 
The following result provides the connection between expansion in measure (Definition
2.2) and Markov expansion (Definition 3.13) under an assumption of bounded Radon–
Nikodym derivatives:
Lemma 3.15. Let Γy (X ,ν) be a measure-class-preserving action, Y ⊆ X be a domain
and S be a finite symmetric subset of Γ containing the identity. If there is a constant
Θ ≥ 1 such that 1/Θ ≤ r(s,x) ≤ Θ for every x ∈ Y and s ∈ SY,x, then Y is a domain of
S-expansion if and only if it is a domain of Markov S-expansion.
Proof. By definition and (3.11), for any measurable subset A⊆ Y we have that
|∂ΠY,S(A)|ν˜Y,S =
∫
Y×Y
χA(x)χYrA(y)dµ(x,y) = ∑
s∈S
∫
Y∩s−1(Y )
r(s,x)
1
2 χA(x)χYrA(s · x)dν(x)
= ∑
s∈S
∫
(Ars−1(A))∩s−1(Y )
r(s,x)
1
2dν(x) = ∑
s∈S
∫
(s·ArA)∩Y
r(s−1,x)
1
2dν(x),
where the last equality uses (3.8).
Hence, it follows from the assumption on r that
(3.12)
1√
Θ
|∂ΠY,S(A)|ν˜Y,S ≤ ∑
s∈S
ν
(
(s ·ArA)∩Y)≤ √Θ|∂ΠY,S(A)|ν˜Y,S .
Moreover, it follows by the definition of ν˜Y,S that
(3.13) ν(A)≤ ν˜Y,S(A)≤ |S|
√
Θ ·ν(A)
for any measurable subset A⊆Y .
Now we assume that Y is a domain of (c,S)-expansion for some constant c > 0. Fix a
measurable subset A ⊆ Y with 0 < ν˜Y,S(A) ≤ 12 ν˜Y,S(Y ). In particular, both ν(A) > 0 and
ν(Y rA)> 0 by Proposition 3.11(1).
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If ν(A)≤ 12ν(Y ), it follows from Definition 2.2 and (3.12) that
cν(A)< ν((S ·ArA)∩Y)≤ ∑
s∈S
ν((s ·ArA)∩Y)≤
√
Θ|∂ΠY,S(A)|ν˜Y,S .
Together with (3.13), we conclude that
|∂ΠY,S(A)|ν˜Y,S >
c
|S|Θ ν˜Y,S(A).
If ν(A)> 12ν(Y ), we can apply the same argument to Y rA and deduce from (3.3) that
|∂ΠY,S(A)|ν˜Y,S = |∂ΠY,S(Y rA)|ν˜Y,S >
c
|S|Θ ν˜Y,S(Y rA)≥
c
|S|Θ ν˜Y,S(A).
Thus, Y is a domain of Markov S-expansion as desired.
The proof of the converse implication is similar. Let κ > 0 be the Cheeger constant
for the normalised local Markov kernel ΠY,S and fix any measurable subset A ⊂ Y with
0< ν(A)≤ 12ν(Y ).
If ν˜Y,S(A)≤ 12 ν˜Y,S(Y ), then (3.12) implies that
ν(∂ ΓS A∩Y )≥
1
|S| ∑
s∈S
ν
(
(s ·ArA)∩Y)≥ 1|S|√Θ |∂ΠY,S(A)|ν˜Y,S ≥ κ|S|√Θ ν˜Y,S(A),
where ∂ ΓS A= S ·ArA. Together with (3.13) we obtain that
ν(∂ ΓS A∩Y )≥
κ
|S|√Θν(A).
If ν˜Y,S(A)>
1
2 ν˜Y,S(Y ), then ∂
Γ
S A∩Y ⊇ ∂ ΓS (Y rS ·A)∩Y implies that
ν(∂ ΓS A∩Y )≥ ν
(
∂ ΓS (Y rS ·A)∩Y
)≥ κ|S|√Θν(Y rS ·A).
Moreover, using 1 ∈ S we note that
ν(Y rS ·A) = ν(Y )−ν(A)−ν(∂ ΓS A∩Y )≥ ν(A)−ν(∂ ΓS A∩Y ).
So it is easy to conclude that
ν(∂ ΓS A∩Y )≥
κ
|S|√Θ+κ ·ν(A).
This shows that Y is a domain of S-expansion for the action. 
Remark 3.16. The statement of Lemma 3.15 is an analogue of the fact that for graphs
with bounded degrees, there are bounds between edge-expansion and vertex-expansion.
More precisely, the Cheeger constant of the normalised (local) Markov kernel should be
regarded as the “measured” Cheeger constant of the edge-expansion, while the notion of
expansion in measure is clearly an analogue of the (exterior) vertex-expansion for graphs.
The assumption that the Radon-Nikodym derivatives are bounded corresponds to that the
graphs have bounded degree.
Consequently, we obtain an alternative and direct proof for [16, Lemma 5.2]:
Corollary 3.17 ([16, Lemma 5.2]). Let Γy (X ,ν) be a measure-preserving action and
Y ⊆ X a domain. Then Y is a domain of expansion if and only if the action has local
spectral gap with respect to Y .
A MARKOVIAN AND ROE-ALGEBRAIC APPROACH TO ASYMPTOTIC EXPANSION 21
Proof. Using indicator functions, it is easy to see that the existence of a local spectral
gap implies that Y is a domain of expansion. Hence, we only focus on the converse
implication.
Let Y be a domain of (c,k)-expansion and let S ≔ Bk. Then the normalised local
Markov kernel ΠY,S has a spectral gap by Theorem 3.7 and Lemma 3.15. Using (3.11) in
Proposition 3.11, we obtain that for every g ∈ L20(Y, ν˜Y,S):
(3.14) (1−λ2) · ‖g‖2ν˜Y,S,2 ≤ E2(g) =
1
2 ∑
s∈S
∫
Y∩s−1(Y )
|g(x)−g(s · x)|2dν(x).
where 1−λ2 is bounded away from zero (Definition 3.5).
Now we fix an f ∈ L2(X ,ν) with ∫Y fdν = 0. Then f |Y ∈ L2(Y, ν˜Y,S) and g≔ f |Y −∫
Y f |Ydν˜Y,S ∈ L20(Y, ν˜Y,S) by construction and Proposition 3.11(2). Thus, it follows from
S= S−1 and (3.14) that
∑
s∈S
‖s· f − f‖ν|Y ,2≥
(
∑
s∈S
∫
Y
| f (x)− f (s·x)|2dν(x)
) 1
2 ≥ (2E2(g))
1
2 ≥
√
2(1−λ2) ·‖g‖ν˜Y,S,2.
Moreover, since
∫
Y fdν = 0 we see that
‖g‖2ν˜Y,S,2 ≥ ‖g‖
2
ν|Y ,2 = ‖ f‖2ν|Y ,2+ν(Y )
(∫
Y
f |Ydν˜Y,S
)2
≥ ‖ f‖2ν|Y ,2.
Combining the above inequalities we conclude that
∑
s∈S
‖s · f − f‖ν|Y ,2 ≥
√
2(1−λ2) · ‖ f‖ν|Y ,2,
as required. 
Remark 3.18. Note that the proof of Corollary 3.17 holds also for non-measure-preserving
actions as long as the action is measure-class-preserving and there is a uniform upper
bound Θ ≥ 1 on the Radon–Nikodym derivatives r(s,x). This can be used to provide an
alternative proof for [20, Theorem 3.2].
3.4. Markov expansion and the structure of strongly ergodic actions. Now we are
in the position to prove the Markovian analogue of the structure theorem for strongly
ergodic actions (Theorem 2.13). Let us start with the following local version (compare
with Proposition 2.12):
Proposition 3.19. Let ρ : Γy (X ,ν) be a measure-class-preserving action. If Y ⊆ X is
a domain of asymptotic expansion, then Y admits an exhaustion by domains Yn of Markov
S(n)-expansion such that for each n ∈N there is a constant Θn ≥ 1 such that 1/Θn ≤
r(s,y)≤Θn for every y ∈ Yn and s ∈ S(n)Yn,y.
Moreover, if Y ⊆ X is a domain of S-asymptotic expansion, thenY admits an exhaustion
by domains Yn of Markov S-expansion.
Proof. It follows from Proposition 2.12 that there exists an exhaustion Y (k) ր Y by do-
mains of S(k)-expansion in measure. Without loss of generality, we can assume that S(k)
is symmetric, 1 ∈ S(k) and S(k) ⊆ S(k+1) for every k ∈N. Let
Z
(k)
m ≔
{
y ∈ Y (k) ∣∣ r(s,y)< 1
m
or r(s,y)> m for some s ∈ S(k)
Y (k),y
}
.
Since each Y (k) has finite measure and the action is measure-class-preserving, for every
k ∈N we have ν(Z(k)m )→ 0 as m→∞. Hence, we can choose for every n∈N a sequence
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of integers (m(n)k )k∈N such that
∑
k∈N
ν
(
Z
(k)
m
(n)
k
)≤ 1
n
.
Let
Z˜n ≔
⋃
k∈N
Z
(k)
m
(n)
k
,
then we have ν(Z˜n)→ 0 as n→ ∞. We can further assume that m(n+1)k ≥ m
(n)
k for every
n ∈N so that Z˜n+1 ⊆ Z˜n.
Now for every k, it follows from Proposition 2.12 thatY (k) admits an exhaustionY (k)l ր
Y (k) by domains of S(k)-expansion such that Y (k)l ∩ Z˜l = /0. By a diagonal argument, there
exists a sequence (lk)k∈N such that Y
(k)
lk
converges in measure to Y . Let
Yn ≔
n⋃
k=0
Y
(k)
lk
.
Ignoring finitely many k if necessary, we can assume that ν(Y (0)l0 ) ≥ 34ν(Y ). Then we
conclude from Lemma 2.3 that each Yn is a domain of S(n)-expansion. Since Yn∩ Z˜n = /0,
it follows from Lemma 3.15 that it is also a domain of Markov S(n)-expansion. The second
statement is obtained by the special case where S(k) = S for all k ∈N. 
Remark 3.20. The main technical difficulty in the previous proof is to obtain increasing
sequences of domains of Markov expansion. This is largely due to the fact that it is hard
to control Markov S-expansion as the set S varies. More precisely, choosing different S
could yield widely different measures ν˜Y,S and this would in turn influence the Cheeger
constant of ΠY,S.
An alternative approach to Proposition 3.19 would be to go through the proof of Propo-
sition 2.12 and reprove it using the language of Markov expansion.
It is now simple to prove a structure result for strongly ergodic actions in terms of
Markovian expansion:
Theorem 3.21. Let ρ : Γ y (X ,ν) be a measure-class-preserving action. Then ρ is
strongly ergodic if and only if every domain Y ⊆ X admits an exhaustion by domains
of Markov expansion.
Proof. Necessity: This follows from Theorem 2.13 “(1)⇒(2)” and Proposition 3.19.
Sufficiency: It follows from the same argument as in the proof of [26, Theorem 4.9
“(5)⇒(6)”] that ρ must be ergodic. By Theorem 2.13 “(3)⇒(1)”, it is hence enough to
show that X admits a domain of expansion.
We can choose a domain Y ⊆ X for which there exist constantsC(γ)≥ 1 depending on
γ ∈ Γ such thatC(γ)−1≤ r(γ,y)≤C(γ) for every y∈Y (such a domain can be constructed
using an argument similar to that in the proof of Proposition 3.19). By the hypothesis,
there is an exhaustion Yn ր Y by domains of Markov expansion. Finally, Lemma 3.15
implies that any such Yn produces the desired domain of expansion in measure. 
4. WARPED CONES AND FINITE (DYNAMICAL) PROPAGATION APPROXIMATIONS
The aim of this section is to introduce warped cones associated with group actions
on metric measure spaces and to study the effects of asymptotic expansion on the ana-
lytic properties of said warped cones. More precisely, adapting the techniques in [24]
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to the context of group actions and using the structure results in Subsection 3.4, we can
characterise asymptotic expansion in terms of finite propagation approximations of the
Drut¸u–Nowak projections. As an intermediate bridge, we introduce dynamical versions
of quasi-locality and finite propagation approximation to connect actions and projections
on warped cones. In turn, this allows us to construct a multitude of non-compact ghost
projections which will be used in Section 5 to construct counterexamples to the coarse
Baum–Connes conjecture.
4.1. Preliminaries on warped cones. Recall that the countable group Γ is equipped with
a proper length function ℓ. Let (X ,d) be a metric space and ρ : Γy X be a continuous
action. For every t ≥ 1 let dt be the rescaling of d by t, i.e., dt(x,y)≔ td(x,y).
Definition 4.1. The warped cone associated with the action Γy X is the family of metric
spaces W C (Γy X)≔ {(X ,dtΓ) | t ∈ [1,∞)}, where dtΓ is the largest metric such that
dtΓ ≤ dt and dtΓ(x,γ · x)≤ ℓ(γ)
for every x ∈ X and γ ∈ Γ.
If the diameter of (X ,d) is at most 2, we can also define the unified warped cone as the
metric space (OΓX ,dΓ), where OΓX = X× [1,∞) as a set and
dΓ
(
(x1, t1),(x2, t2)
)
≔ d
t1∧t2
Γ (x1,x2)+ |t1− t2|
where t1∧ t2 = min{t1, t2}. The requirement on the diameter is necessary to ensure that
dΓ is a metric.
We will also need the following:
Lemma 4.2. Let Γy (X ,d) be a continuous action and R > 0 fixed. Given A ⊆ X, let
NR(A;dtΓ)⊆ X be the closed R-neighbourhood of A with respect to the metric dtΓ. Then⋂
t≥1
NR(A;d
t
Γ) = BR ·A.
Proof. It is clear that BR ·A is contained in NR(A;dtΓ) for every t ≥ 1. For the converse, it
suffices to prove it for A closed. If R< 1, we see that NR(A;dtΓ) = NR(A;d
t) = NR/t(A;d),
because ℓ only takes integer values. So the result holds trivially. If R ≥ 1, first note that
for every fixed γ ∈ Γ we have ⋂
t≥1
γ ·NR(A;dtΓ) = γ(A).
Assume now that 1≤ R< 2 and observe that
(4.1) NR(A;d
t
Γ)⊆ NR(A;dt)∪NR−1
(
B1 ·NR−1(A;dt) ; dtΓ
)
.
For every fixed t0 > 0, the set B1 ·NR−1(A;dt0) is closed. Since R−1 < 1, we deduce as
before that⋂
t≥1
NR−1
(
B1 ·NR−1(A;dt) ; dtΓ
)⊆ ⋂
t>t0
NR−1
(
B1 ·NR−1(A;dt0) ; dt
)
= B1 ·NR−1(A;dt0)
and therefore⋂
t≥1
NR−1
(
B1 ·NR−1(A;dt) ; dtΓ
)⊆ ⋂
t0>0
B1 ·NR−1(A;dt0) = B1 ·A.
This shows the the right hand side of (4.1) shrinks down to B1 ·A as t goes to infinity.
Thus, we have proved the claim for R < 2. An obvious inductive generalisation of this
argument proves the statement for every fixed R> 0. 
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For more details and elementary facts on the geometry of warped cones, we refer to
[40, 44, 51, 56].
4.2. (Dynamical) quasi-local characterisations for asymptotic expansion. In this sub-
section, we will introduce a notion of dynamical quasi-locality and explain its relation
with the ordinary quasi-locality for operators on warped cones. Using the dynamical
quasi-locality, we will study the Drut¸u–Nowak projection associated to a warped cone,
and show that the ordinary quasi-locality of this projection characterises asymptotic ex-
pansion in measure.
Let ρ : Γy X be a continuous action on a metric space (X ,d) of diameter at most 2.
Let ν be a probability measure on (X ,d) and λ be the Lebesgue measure on [1,∞). Equip
the unified warped cone OΓX = X× [1,∞) with the product measure ν ×λ .
For any measurable non-null Y ⊆ X , denote by PY ∈ B(L2(X ,ν)) the averaging pro-
jection on Y , which is the orthogonal projection onto the one-dimensional subspace in
L2(X ,ν) spanned by χY . In other words,
PY f ≔ 〈 f , 1
ν(Y )
·χY 〉χY ,
where f ∈ L2(X ,ν). The Drut¸u–Nowak projection (see [12, Section 6.c.]) is defined as
G= PX⊗ IdL2([1,∞)) ∈B(L2(OΓX ,ν×λ )). In other words, it is the orthogonal projection
onto C⊗L2([1,∞),λ ).
Recall from [38, 39] that an operator T ∈B(L2(OΓX ,ν×λ )) is quasi-local if for every
ε > 0, there exists an R > 0 such that for any two measurable subsets A,C ⊆ OΓX with
dΓ(A,C) > R we have ‖χATχC‖ < ε . Analogously, a family of operators {Tt}t∈[1,∞) in
B(L2(X ,ν)) is uniformly quasi-local on W C (Γy X) if for every ε > 0 there exists an
R > 0 such that for every t ∈ [1,∞) and every pair of measurable subsets A,C ⊆ X with
dtΓ(A,C)> R, we have ‖χATtχC‖< ε .
Now we introduce the following dynamical analogue of quasi-locality for operators in
B(L2(X ,ν)) where (X ,ν) is a probability space with a Γ-action:
Definition 4.3. Let ρ : Γy (X ,ν) be an action on a probability space (X ,ν). An operator
T ∈B(L2(X ,ν)) is called ρ-quasi-local if for every ε > 0 there exists a k ∈N such that
for any measurable subsets A,C ⊆ X with ν((Bk ·A)∩C) = 0, we have ‖χATχC‖ < ε
(recall that Bk = {γ ∈ Γ | ℓ(γ)≤ k}).
Similarly to [25, Lemma 3.8], quasi-locality of the averaging projection PX can be
detected by the following calculation:
Lemma 4.4. For every measurable subsets A,C in X, we have that
‖χAPXχC‖B(L2(X ,ν)) =
√
ν(A)ν(C).
Proof. By direct calculations, we have that
‖χAPXχC‖= sup
‖v‖=‖w‖=1
|〈χAPXχCv,w〉|= sup
‖v‖=‖w‖=1
|〈PXχCv,PXχAw〉|
= sup
‖v‖=‖w‖=1
∣∣〈〈χCv,1〉1,〈χAw,1〉1〉∣∣= sup
‖v‖=‖w‖=1
|〈v,χC〉〈w,χA〉〈1,1〉|
≤
√
ν(A)ν(C),
where the last inequality follows from the Cauchy–Schwarz inequality. On the other hand,
if we let v and w be the normalised characteristic functions of C,A respectively then we
have that 〈PXχCv,PXχAw〉 =
√
ν(A)ν(C). 
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The following corollary is a dynamical analogue of [25, Proposition 3.9] and it is an
immediate consequence of Lemma 4.4:
Corollary 4.5. Let ρ : Γy (X ,ν) be an action on a probability space (X ,ν) and PX be
the associated averaging projection on X. Then PX is ρ-quasi-local if and only if
lim
k→+∞
sup
{
ν(A)ν(C)
∣∣ A,C ⊆ X measurable with ν((Bk ·A)∩C) = 0}= 0.
We are now ready to show that asymptotic expansion in measure can be characterised
by ρ-quasi-locality of the associated averaging projections. This is an analogue of [25,
Theorem 3.11].
Proposition 4.6. Let ρ : Γy (X ,ν) be an action on a probability space (X ,ν) and PX
be the associated averaging projection on X. Then ρ is asymptotically expanding if and
only if PX is ρ-quasi-local.
Proof. Necessity: Suppose PX is not ρ-quasi-local, then by Corollary 4.5 we have:
α ≔
1
2
lim
k→+∞
sup
{
ν(A)ν(C)
∣∣ A,C ⊆ X measurable with ν((Bk ·A)∩C) = 0}> 0.
In particular, 12 ≤ 1−α < 1. Thus, we can choose a sequence (An,Cn)n∈N, where An,Cn⊆
X are measurable subsets with ν((Bn ·An)∩Cn) = 0 such that ν(An)ν(Cn) ≥ α . Since
ν(An) ≤ 1 and ν(Cn) ≤ 1, both ν(An) and ν(Cn) are at least α . Furthermore, ν((Bn ·
An)∩Cn) = 0 implies that ν(An ∩Cn) = 0. In particular, both ν(An) and ν(Cn) are not
greater than 1−α for each n ∈N.
If the action was asymptotically expanding, then Definition 2.6 and Lemma 2.11 would
imply that there exist constants b > 0 and h ∈N such that for every measurable subset
A ⊆ X with α ≤ ν(A) ≤ 1−α , we have ν(Bh ·A) > (1+ b)ν(A). Let k ≔ mh, where
m≔ ⌈log1+b(1− 1α )⌉. Then either
ν(Bk ·A)> 1−α
or we deduce by induction on m that
ν(Bk ·A)> (1+b)mν(A)≥ 1−α.
Note that An satisfies α ≤ ν(An) ≤ 1− α for all n ∈ N. Hence for n ≥ k, we have
ν(Bn ·An)> 1−α . This is a contradiction to ν(Cn)≥ α and ν((Bn ·An)∩Cn) = 0.
Sufficiency: Assume that ρ is not asymptotically expanding. Then there exists α0 ∈
(0, 12 ] such that for every n ∈ N there exists a measurable subset An ⊆ X with α0 ≤
ν(An)≤ 12 and ν(Bn ·An)≤ 32ν(An). For every n we have
ν(X r (Bn ·An)) = 1−ν(Bn ·An)≥ 1− 32ν(An)≥
1
4
.
Hence, we have that
ν(An) ·ν(X r (Bn ·An))≥ α04 > 0,
which implies that the limit
lim
n→+∞sup
{
ν(A)ν(C)
∣∣ A,C ⊆ X measurable with ν((Bn ·A)∩C) = 0}≥ α04 > 0.
Hence, PX is not ρ-quasi-local by Corollary 4.5. 
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Wewill now show that the dynamical quasi-locality completely determines the ordinary
quasi-locality for those operators of the (unified) warped cone that arise as transformations
of the base space. To be precise, consider the following ∗-homomorphism:
(4.2) Φ :B(L2(X ,ν))→B(L2(OΓX ,ν×λ )), T 7→ T ⊗ IdL2([1,∞))
(note that the Drut¸u–Nowak projection G equals to Φ(PX)). We can then prove the fol-
lowing:
Proposition 4.7. Let (X ,d) be a metric space with diameter at most 2 equipped with a
probability measure ν , and ρ : Γy X be a continuous action. For any T ∈B(L2(X ,ν)),
we consider the following conditions:
(1) T is ρ-quasi-local;
(2) Φ(T ) is quasi-local;
(3) the family of operators Tt ≡T for t ∈ [1,∞) is uniformly quasi-local onW C (Γy X).
Then we have (1)⇒ (2)⇒ (3). Furthermore, if ν is Radon then they are all equivalent.
Proof. (1)⇒ (2): Fix an ε > 0. Since T is ρ-quasi-local, there exists k ∈N such that for
any measurable subsets A′,C′ ⊆ X with ν((Bk ·A′)∩C′) = 0, we have ‖χA′TχC′‖< ε .
Given a pair of measurable subsets A,C⊆OΓX = X× [1,∞) with dΓ(A,C)> k, we can
write A=
⊔
t∈[1,∞)At×{t} andC =
⊔
t∈[1,∞)Ct ×{t}, where At ,Ct are measurable subsets
in X .
For every (x, t)∈OΓX = X× [1,∞) and every γ ∈ Γ, we have dΓ((γ ·x, t),(x, t))≤ ℓ(γ).
Since dΓ(A,C) > k, it follows that ν((Bk ·At)∩Ct) = 0 for every t ∈ [1,∞). Hence, we
conclude that ‖χAtTχCt‖< ε for every t ∈ [1,∞).
For every ξ ∈ L2(OΓX ,ν×λ ), we set ξt(x)≔ ξ (x, t) so that ξt ∈ L2(X ,ν) for almost
every t ∈ [1,∞). Using Fubini’s Theorem, we obtain that
‖χAΦ(T )χCξ‖2 =
∫
OΓX
∣∣(χA(T ⊗ IdL2([1,∞)))χCξ)(x, t)∣∣2d(ν×λ )(x, t)
=
∫ ∞
1
∫
X
∣∣(χAtTχCtξt)(x)∣∣2dν(x)dt = ∫ ∞
1
∥∥χAtTχCtξt∥∥2dt
≤
∫ ∞
1
ε2‖ξt‖2dt = ε2‖ξ‖2.
It follows that Φ(T ) is quasi-local.
(2)⇒ (3): For any measurable subsets A,C ⊆ X , we note that dtΓ(A,C) = dΓ(A× [t, t+
1],C× [t, t+1]). For every f ∈ L2(X ,ν) and t ∈ [1,∞), we construct a Ft ∈ L2(OΓX ,ν×λ )
by letting Ft(x,s) = f (x) if t ≤ s ≤ t+1 and zero otherwise. Note that ‖ f‖ν = ‖Ft‖ν×λ
and ‖χATtχC f‖ = ‖χATχC f‖ = ‖χA×[t,t+1]Φ(T )χC×[t,t+1]Ft‖. Now the rest of the proof
is obvious.
(3) ⇒ (1): Fix an ε > 0. Then by the assumption that there exists an R > 0 such
that for every t ∈ [1,∞) and measurable subsets A,C ⊆ X with dtΓ(A,C) > R we have‖χATχC‖ < ε . We will verify that ‖χATχC‖ < ε for measurable subsets A,C ⊆ X with
ν((BR ·A)∩C) = 0.
Assume first that A,C ⊆ X are compact subsets such that (BR ·A)∩C = /0. It follows
from Lemma 4.2 that ⋂
t≥1
NR(A;d
t
Γ)∩C = (BR ·A)∩C = /0.
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Since C is compact and all NR(A;dtΓ) are closed, we deduce that NR(A;d
t0
Γ )∩C = /0 for
some t0 large enough. This means that d
t0
Γ (A,C) > R and hence ‖χATχC‖ < ε by the
hypothesis.
For general measurable subsets A,C ⊆ X with ν((BR · A)∩C) = 0, replacing C by
Cr(BR ·A) if necessary (which only differ by a null set) we may assume that (BR ·A)∩C=
/0. Since the measure ν is Radon and finite, there exist increasing sequences of compact
subsets {An⊆ A}n∈N and {Cn⊆C}n∈N such that lim
n→∞ ν(ArAn) = 0 and limn→∞ ν(CrCn) =
0. A fortiori, we have (BR ·An)∩Cn = /0 and it follows from the discussion in the second
paragraph that ‖χAnTχCn‖< ε for all n∈N. Thus, ‖χATχC‖= supn ‖χAnTχCn‖< ε. 
Combining Proposition 4.6 with Proposition 4.7 implies the desired characterisation of
asymptotic expansion in measure in terms of quasi-locality:
Theorem 4.8. Let (X ,d) be a metric space with diameter at most 2 equipped with a Radon
probability measure ν , and ρ : Γy (X ,d) be a continuous action. If PX is the associated
averaging projection on X and G= PX ⊗ IdL2([1,∞)) is the Drut¸u–Nowak projection, then
the following are equivalent:
(1) ρ is asymptotically expanding;
(2) PX is ρ-quasi-local;
(3) G is quasi-local;
(4) the family of operators (PX)t ≡ PX for t ∈ [1,∞) is uniformly quasi-local on
W C (Γy X).
4.3. Projections approximated by finite dynamical propagation operators. In the pre-
vious subsection, we showed that asymptotic expansion in measure can be characterised
by (dynamical) quasi-locality of certain projections (Theorem 4.8). In the same spirit of
[24, Section 6], we would like to connect (dynamical) quasi-locality with finite (dynami-
cal) propagation operators.
In doing so, we will show that unified warped cones arising from asymptotically ex-
panding actions admit plenty of projections which can be approximated by finite propa-
gation operators. This greatly generalise [12, Theorem 6.6]. It will turn out that all of
these projections lie outside the image of the coarse Baum–Connes assembly map. We
will return to these aspects in Section 5.
We once again introduce a dynamical analogue of an analytic property of operators,
namely, the dynamical propagation (see Subsection 4.4 for the notion of ordinary finite
propagation operators):
Definition 4.9. Let ρ : Γy (X ,ν) be an action on a probability space (X ,ν). We say
that an operator T ∈ B(L2(X ,ν)) has finite ρ-propagation if there is a k ∈N such that
χATχC = 0 for any measurable subsets A,C⊆ X with ν((Bk ·A)∩C) = 0. The smallest k
satisfying the above condition is called the ρ-propagation of T .
Throughout the rest of this subsection, let Γy (X ,ν) be a measure-class-preserving
action, Y ⊆ X be a domain and S ⊆ Γ be a finite symmetric set containing the iden-
tity. Recall from Proposition 3.11 that such action induces a normalised local Markov
kernel ΠY,S on Y (Definition 3.10). This kernel is reversible with a reversing measure
ν˜Y,S, where dν˜Y,S = σY,S d(ν|Y ) for the function σY,S defined in (3.9). We denote by
PY,S ∈ B(L2(Y, ν˜Y,S)) and ∆Y,S = 1−PY,S ∈ B(L2(Y, ν˜Y,S)) the Markov and Laplacian
operators associated with ΠY,S, respectively.
We will present two different ways to produce projections of finite ρ-propagation using
Markov S-expansion. One is normalised to better accommodate the associated Markov
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kernel, while the other is non-normalised and more related to the original averaging pro-
jection PX . In either case, our construction relies heavily on the techniques developed in
Section 3.
4.3.1. Normalised projections. Let P˜Y,S ∈ B(L2(Y, ν˜Y,S)) be the orthogonal projection
onto constant functions on Y (this need not coincide with PY , as the projection is taken
with respect to the inner product 〈·, ·〉ν˜Y,S). Let us consider the isometric embedding
ÎY,S : L
2(Y, ν˜Y,S) ֒→ L2(X ,ν)
defined by pointwise multiplication by the function
√
σY,S on Y and then extending by 0
on X rY . This induces the following adjoint ∗-homomorphism:
(4.3) Âd : B(L2(Y, ν˜Y,S))→B(L2(X ,ν)), by T 7→ ÎY,S ◦T ◦ (ÎY,S)∗.
Note that ÎY,S(1) =
√
σY,S, where 1 is the constant function 1 in L2(Y, ν˜Y,S) and σY,S is
defined to be 0 on every x ∈ X rY . It follows that
P̂Y,S ≔ Âd(P˜Y,S) ∈B(L2(X ,ν))
is the orthogonal projection onto the 1-dimensional subspace of L2(X ,ν) spanned by the
vector
√
σY,S. We also transfer the Markov operator PY,S ∈ B(L2(Y, ν˜Y,S)) to P̂Y,S ≔
Âd(PY,S) ∈B(L2(X ,ν)).
Now the techniques developed in Section 3 can be used to prove the following:
Proposition 4.10. Let ρ : Γy (X ,ν) be a measure-class-preserving action andY ⊆ X be
a domain of Markov S-expansion (Definition 3.13). Then the associated projection P̂Y,S ∈
B(L2(X ,ν)) is a norm limit of operators (P̂Y,S)
n, which all have finite ρ-propagation.
Proof. Since the operator P̂Y,S has ρ-propagation at most max{ℓ(s) | s ∈ S}, all of its
powers (P̂Y,S)n have finite ρ-propagation as well. By Theorem 3.7 and Lemma 3.14, the
Markov operator PY,S on L2(Y, ν˜Y,S) has spectrum contained in [−1+ ε,1− ε]∪{1} for
some ε > 0. It follows that the sequence (PY,S)n converges (as n→ ∞) in the operator
norm to the projection onto the 1-eigenspace, which is exactly the projection P˜Y,S. Since
Âd is a ∗-homomorphism, ‖(P̂Y,S)n− P̂Y,S‖→ 0 for n→ ∞. This finishes the proof. 
Theorem 3.21 shows that strongly ergodic actions provide plenty of domains of Markov
expansion. We can hence use Proposition 4.10 as an abundant source of projections which
can be approximated by finite ρ-propagation operators.
As a corollary to Proposition 4.10 we also recover the following result by Drut¸u and
Nowak:
Corollary 4.11 ([12, Theorem 6.6]7). Let ρ : Γ y (X ,ν) be a measure-preserving ac-
tion on a probability space (X ,ν). Suppose that ρ has spectral gap, then the averaging
projection PX is a norm limit of operators with finite ρ-propagation.
Proof. Since the action is measure preserving, we have ν˜X ,S = |S| · ν . It follows that
P̂X ,S = PX for any choice of S⊆ Γ. If ρ has spectral gap, then X is a domain of expansion
(see e.g. Corollary 3.17). Hence, X is a domain of Markov expansion by Lemma 3.15 and
we can apply Proposition 4.10 to conclude the proof. 
7Strictly speaking, [12, Theorem 6.6] concerns the operator G = PX ⊗ IdL2([1,∞)) and also shows that it
is “ghost”. We will recover these facts in Section 5.
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4.3.2. Non-normalised projections. Now we move on to the second construction, where
we show that the averaging projections PY are norm limits of operators with finite ρ-prop-
agation as well. Unlike the previous construction, these projections will not be limits
of powers of a fixed Markov operator. Instead, we will apply our structure theory for
asymptotically expanding actions to produce appropriate sequences of operators.
We define a different embedding
IY,S : L
2(Y, ν˜Y,S) ֒→ L2(X ,ν)
simply by extending each function in L2(Y, ν˜Y,S) by 0 on X rY . In general, IY,S is not
isometric and may even be unbounded.
Assume now that there exists Θ ≥ 1 such that 1/Θ ≤ r(s,y) ≤ Θ for every y ∈ Y and
s∈ SY,y. Under this assumption, it is clear that IY,S is bounded. So it induces the following
adjoint map:
Ad: B(L2(Y, ν˜Y,S))→B(L2(X ,ν)), by T 7→ IY,S ◦T ◦ (IY,S)∗.
Note that— while being a bounded linear map preserving ∗-operations—the adjoint map
Ad might not be multiplicative.
As before, let P˜Y,S ∈ B(L2(Y, ν˜Y,S)) be the orthogonal projection onto constant func-
tions, while PY ∈B(L2(X ,ν)) is the orthogonal projection onto the one-dimensional sub-
space in L2(X ,ν) spanned by χY . Since (IY,S)∗(g) = 1σY,Sg|Y for g ∈ L2(X ,ν), we have
that
(4.4) Ad(P˜Y,S) =
ν(Y )
ν˜Y,S(Y )
PY .
We prove the following:
Lemma 4.12. Let ρ : Γy (X ,ν) be a measure-class-preserving action and Y ⊆ X be a
domain of Markov S-expansion. Assume further that there exists Θ ≥ 1 such that 1/Θ ≤
r(s,y)≤Θ for every y ∈ Y and s ∈ SY,y. Then the averaging projection PY ∈B(L2(X ,ν))
is a norm limit of operators with finite ρ-propagation.
Proof. By Theorem 3.7 and Lemma 3.14, the Markov operator PY,S on L2(Y, ν˜Y,S) has
spectrum contained in [−1+ ε,1− ε]∪{1} for some ε > 0. Hence, (PY,S)n converges in
the operator norm to the projection P˜Y,S in B(L2(Y, ν˜Y,S)) as n→ ∞.
Since the embedding IY,S is bounded, we obtain that
IY,S ◦ (PY,S)n ◦ (IY,S)∗ = Ad((PY,S)n)→ Ad(P˜Y,S) = ν(Y )
ν˜Y,S(Y )
PY in B(L
2(X ,ν)),
where the last equality comes from (4.4). Since each IY,S◦(PY,S)n◦(IY,S)∗ has ρ-propagation
bounded by n ·max{ℓ(s) | s ∈ S}, so the conclusion holds. 
Unlike Proposition 4.10, Lemma 4.12 concerns projections that do not depend on the fi-
nite symmetric set S. This allows us to prove a result for domains of asymptotic expansion
as well:
Proposition 4.13. Let ρ : Γ y (X ,ν) be a measure-class-preserving action. Then for
any domain Y ⊆ X of asymptotic expansion, the averaging projection PY is a norm limit
of operators with finite ρ-propagation.
Proof. From Proposition 3.19, it follows that there is an exhaustion Yn ր Y by domains
of Markov S(n)-expansion such that for every n ∈N there is a Θn ≥ 1 such that 1/Θn ≤
r(s,y)≤Θn for every y ∈ Yn and s ∈ S(n)Yn,y.
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Now it follows from Lemma 4.12 that each PYn is a norm limit of operators with finite
ρ-propagation. Since Yn increasingly converges to Y in measure and Y has finite measure,
then PYn converges to PY in the operator norm. Hence, a diagonal argument will conclude
the proof. 
It follows easily from the definitions that norm limits of operators with finite ρ-prop-
agation are ρ-quasi-local. Hence, combining Proposition 4.6 with Proposition 4.13 we
immediately obtain the following:
Corollary 4.14. Let ρ : Γy (X ,ν) be a measure-class-preserving action on a probability
space (X ,ν). Then ρ is asymptotically expanding if and only if PX is a norm limit of
operators with finite ρ-propagation.
4.4. Characterising asymptotic expansion by finite propagation approximations. Fi-
nally, we conclude this section by combining results in Subsections 4.2 and 4.3 to prove
that an action is asymptotically expanding if and only if the Drut¸u–Nowak projection can
be approximated by operators with finite propagation.
Let (X ,d) be a metric space of diameter at most 2, ρ : ΓyX be a continuous action and
OΓX the associated unified warped cone. If X is equipped with a probability measure ν ,
we giveOΓX the product measure ν×λ and say that an operator T ∈B(L2(OΓX ,ν×λ ))
has finite propagation if there exists an R > 0 such that for any two measurable subsets
A,C ⊆ OΓX with dΓ(A,C)> R, we have χATχC = 0.
Proposition 4.15. Let (X ,d) be a metric space with diameter at most 2 equipped with a
probability measure ν , and ρ : Γy X be a continuous action. If T ∈ B(L2(X ,ν)) has
finite ρ-propagation, then Φ(T ) has finite propagation. If in addition ν is Radon, the
converse implication holds as well.
Proof. The argument is identical to that of Proposition 4.7 with ε = 0. 
Since norm limits of operators with finite propagation are quasi-local, we can combine
Proposition 4.15 and Corollary 4.14 with Theorem 4.8 (3)⇒ (1) to obtain a dynamical
counterpart of [24, Theorem C]:
Theorem 4.16. Let (X ,d) be a metric space with diameter at most 2 equipped with a
probability measure ν , and ρ : Γy X be a continuous measure-class-preserving action.
The following are equivalent:
(1) ρ is asymptotically expanding;
(2) the averaging projection PX is a norm limit of operators with finite ρ-propagation;
(3) the Drut¸u–Nowak projection G is a norm limit of operators with finite propaga-
tion.
For later use, we record that we can apply Proposition 4.15 to the projections con-
structed in Proposition 4.10 and Proposition 4.13 and obtain the following:
Corollary 4.17. Let (X ,d) be a metric space with diameter at most 2 equipped with a
probability measure ν , and ρ : Γ y X be a continuous and measure-class-preserving
action. Let P ∈B(L2(X ,ν)) be one of the following rank-one projection:
(1) P= P̂Y,S for a domain Y ⊆ X of Markov S-expansion;
(2) P= PY for a domain Y ⊆ X of asymptotic expansion.
Then the projection Φ(P) = P⊗ IdL2([1,∞)) ∈B(L2(OΓX ,ν×λ )) is a norm limit of oper-
ators with finite propagation.
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5. THE COARSE BAUM–CONNES CONJECTURE
In this section, we will use the projections constructed in Section 4.3 to provide new
counterexamples to the coarse Baum–Connes conjecture. These arise from certain warped
cones associated with asymptotically expanding actions. We will follow the outline of [43,
Section 3] (the origin of this method goes back to [17] and [57]).
Throughout this section, (X ,d) will be a compact metric space with diameter at most 2
endowed with a non-atomic probability measure ν of full support (i.e., every singleton has
measure zero and every open set has positive measure). As usual, Γ is a countable discrete
group with a proper length function ℓ. Furthermore, Γy (X ,d,ν) will be a continuous
measure-class-preserving action.
5.1. Roe algebras and projections. Let us begin by recalling some basic notions con-
cerning Roe algebras.
Let (Y,d) be any proper metric space. In particular, Y is locally compact and σ -
compact. Let C0(Y ) be the C∗-algebra of continuous functions on Y vanishing at infinity.
A non-degenerate ∗-representation C0(Y )→B(H ) on some separable Hilbert space H
is called ample if no non-zero element of C0(Y ) acts as a compact operator on H . An
operator a ∈ B(H ) has finite propagation if there is r > 0 such that f ag = 0 whenever
f ,g∈C0(Y ) satisfy d(supp( f ),supp(g))> r.8 Moreover, an operator a ∈B(H ) is called
locally compact if f a and a f are compact for all f ∈C0(Y ).
The algebraic Roe algebra C[Y ] of Y is the ∗-algebra of locally compact finite propa-
gation operators in B(H ), and the Roe algebra C∗(Y ) of Y is the norm-closure of C[Y ]
in B(H ). Note that the Roe algebra C∗(Y ) does not depend on the choice of the non-
degenerate ample ∗-representation ofC0(Y ), but only up to non-canonical ∗-isomorphism
(see e.g. [58, Remark 5.1.13]). On the other hand, the K-theory groups K∗(C∗(Y )) do
not depend on the choice of such representations up to canonical ∗-isomorphism (see e.g.
[58, Theorem 5.1.15]). It is well-known that the isomorphism class of C∗(Y ) is a coarse
invariant for the metric space Y .
Let now (X ,d,ν) be a metric measure space as outlined at the beginning of Section 5.
Since ν has full support and is non-atomic, the multiplication representation of C(X)
on L2(X ,ν) is non-degenerate and ample. Hence the multiplication representation of
C0(OΓX) on L2(X × [1,∞),ν×λ ) is also non-degenerate and ample. We can thus use it
to form the Roe algebraC∗(OΓX).
As explained by Sawicki in [43, Proposition 1.1], the original Drut¸u–Nowak projection
G ∈ B(L2(OΓX ,ν × λ )) is not locally compact because its image contains a copy of
L2(R,λ ). In particular, G cannot belong to the Roe algebra. One way to overcome this
issue is to consider the subspace (X×N,dΓ) of the unified warped coneOΓX instead. We
will call this the integral warped cone. Since the embedding (X ×N,dΓ) ֒→ (OΓX ,dΓ)
is a quasi-isometry, their Roe algebras are isomorphic. We will hence abuse the notation
and denote also the integral warped cone by OΓX .
Similarly, we also define the following integral analogue of the ∗-homomorphism Φ
defined in (4.2) (still denoted by Φ):
Φ : B(L2(X ,ν))→B(L2(OΓX ,ν×λN)), T 7→ T ⊗ Idℓ2(N),
where λN denotes the counting measure onN. It is elementary to check that Theorem 4.8
and Proposition 4.15 still hold in the integral setting. It follows that the integral analogues
8It is easy to check that for a proper metric space (X ,d), T ∈ B(L2(X ,ν)) has finite propagation if
and only if there exists an R > 0 such that χATχC = 0 whenever A,C ⊆ X are measurable subsets with
d(A,C)> R. In particular, this definition is equivalent to the one given in Subsection 4.4.
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of Theorem 4.16 and Corollary 4.17 hold true as well. We will henceforth use their
integral versions without further notice.
Let us now focus on the projections considered in Corollary 4.17. More precisely, we
denote by P the set of rank one projections in B(L2(X ,ν)) as follows:
P ∈P ⇔ either P= P̂Y,S for a domain Y ⊆ X of Markov S-expansion
or P= PY for a domain Y ⊆ X of asymptotic expansion.
For the averaging projection PX , the associated projection Φ(PX) = PX ⊗ Idℓ2(N) (still de-
noted by G) is called the integral Drut¸u–Nowak projection (see [43, Proposition 1.3]). It
follows from Corollary 4.17 that the projection Φ(P) can be approximated by finite prop-
agation operators for every P ∈ P . Actually, we can even show the following stronger
statement:
Proposition 5.1. For every P ∈P , the projection Φ(P) is non-compact and belongs to
the Roe algebraC∗(OΓX) of the integral warped coneOΓX. In particular, when the action
is asymptotically expanding the integral Drut¸u–Nowak projectionG belongs to C∗(OΓX).
Proof. Clearly, each Φ(P) = P⊗ Idℓ2(N) is non-compact for P ∈P . We only show that
Φ(P) belongs to C∗(OΓX) when P = P̂Y,S for a domain Y ⊆ X of Markov S-expansion,
as the other case is similar and almost identical to the proof of [43, Proposition 1.3]. Re-
call that P̂Y,S is the orthogonal projection onto the one-dimensional subspace of L2(X ,ν)
spanned by the vector
√
σY,S defined in (3.9).
Since X is compact, there exists a Borel partition V = {Vi | i∈ I} ofOΓX such that each
Vi has diameter at most 1 and is contained in some level set X ×{n}, and for each n ∈N
only finitely many Vi are contained in X ×{n}. For each i ∈ I, we write Vi =Ui×{n(i)}
for Borel Ui ⊆ X and n(i) ∈N. We consider the closed subspaceW ⊆ L2(OΓX ,ν×λN)
spanned by {
(χUi ·
√
σY,S )⊗χ{n(i)}
∣∣ i ∈ I}.
Let R∈B(L2(OΓX ,ν×λN)) be the orthogonal projection ontoW . It is clear that Φ(P) is
a subprojection of R, so Φ(P) = R◦Φ(P)◦R. Moreover, the projection R has propagation
at most one.
By Corollary 4.17, Φ(P) is a norm limit of finite propagation operators Tn ∈B(L2(OΓX ,ν×
λN)). In particular, we have Φ(P) = limn→∞RTnR. Since each RTnR has finite propaga-
tion, it suffices to show that it is also locally compact. If φ ∈C0(OΓX) is a function of
compact support, then its range is contained in L2(X ×{1,2, . . . ,N0}) for some N0 ∈N.
This implies that Rφ is of finite rank. Since the set of compact operators is norm-closed,
we have that Rψ is compact for every ψ ∈C0(OΓX). Since R is self-adjoint, ψR is com-
pact as well. Hence, we conclude that both RTnRψ and ψRTnR are compact for every
ψ ∈C0(OΓX), as desired. 
Proposition 5.1 allows us to use Theorem 4.8 to deduce the main theorem of this sub-
section. Namely, the following dynamical version of [24, Theorem C]:
Theorem 5.2. Let (X ,d) be a compact metric space with diameter at most 2 equipped
with a non-atomic Radon probability measure ν of full support, and ρ : Γy (X ,d,ν) be
a continuous and measure-class-preserving action.
If PX is the associated averaging projection on X and G= PX ⊗ Idℓ2(N) is the integral
Drut¸u–Nowak projection, then the following are equivalent:
(1) ρ is asymptotically expanding;
(2) PX is ρ-quasi-local;
A MARKOVIAN AND ROE-ALGEBRAIC APPROACH TO ASYMPTOTIC EXPANSION 33
(3) G is quasi-local;
(4) G belongs to the Roe algebra C∗(OΓX) of the integral warped cone OΓX.
Another important feature of the projections Φ(P) for P ∈ P is that they are ghost
operators. This notion was originally introduced by Yu (unpublished) in his study of the
coarse Baum–Connes conjecture. We will use the following:
Definition 5.3 ([12, Definition 6.5]). Given a metric measure space (Z,d,ν), an operator
T ∈B(L2(Z,ν)) is called ghost if for every R,ε > 0, there exists a bounded subsetC ⊆ Z
such that for any φ ∈ L2(Z,ν) with ‖φ‖= 1 and supp(φ) ⊆ BR(x;d) for some x ∈ ZrC
we have ‖Tφ‖ ≤ ε .
Firstly, we observe the following easy fact:
Lemma 5.4. A non-atomic probability measure ν on a metric space (Z,d) is necessarily
upper uniform ([12, Definition 6.1]) in the sense that limr→0 supz∈Z ν(Br(z;d)) = 0.
Proof. If there exist an ε > 0 and a sequence zn ∈ Z such that ν(B1/n(zn;d)) ≥ ε > 0
for every n ∈ N, then there must be some point z¯ ∈ Z that belongs to B1/n(zn;d) for
infinitely many n. To see this, it is sufficient to note that ν(
⋂
N∈N
⋃
n>N B1/n(zn;d)) =
limN→∞ ν(
⋃
n>N B1/n(zn;d)) ≥ ε as the probability measure ν is continuous from above.
On the other hand, such a z¯ must be an atom for ν so that ν cannot be non-atomic. 
The following lemma is a generalisation of [12, Theorem 6.6]:
Lemma 5.5. If T ∈ B(L2(X ,ν)) is any orthogonal rank one projection, then Φ(T ) ∈
B(L2(OΓX ,ν×λN)) is ghost. In particular, Φ(P) is a ghost projection for every P ∈P .
Proof. Since X is compact, the action Γy X is uniformly continuous. Then the proof
of Lemma 4.2 can be adapted to show that the balls BR(x;dnΓ) are contained in Nδn(B⌊R⌋ ·
x;d)⊆ X for some positive δn independent of x and such that δn→ 0, where B⌊R⌋ denotes
the ball in Γ. Since Nδn(B⌊R⌋ · x;d) ⊆
⋃
γ∈B⌊R⌋Bδn(γ · x;d) and B⌊R⌋ is finite, we easily
deduce from the upper uniformity of ν (Lemma 5.4) that limn→∞ supx∈X ν(BR(x;dnΓ)) = 0
(see also [12, Lemma 6.3]).
Let ε,R > 0 be fixed and let CN ≔ OΓX ∩
(
X × [1,N)) for N ∈N. We note that CN
is a bounded subset of OΓX and any point in OΓX rCN is of the form (x,n) for some
n ≥ N and x ∈ X . It is well-known that every rank one projection T ∈ B(L2(X ,ν)) is
of the form Tη = 〈η,ξ 〉ξ for some unit vector ξ ∈ L2(X ,ν). In order to show that
Φ(T ) ∈ B(L2(OΓX ,ν × λN)) is ghost, we fix any φ ∈ L2(OΓX ,ν × λN) with ‖φ‖ = 1
and supp(φ)⊆ BR((x,n);dΓ) for some (x,n) ∈ OΓX rCN . So we have that
‖Φ(T )(φ)‖2 = ∑
m∈N
‖ξ‖2 · |
∫
X
φ(y,m)ξ (y)dν(y)|2
≤
n+R
∑
m=n−R
(∫
BR(x;dmΓ )
|φ(y,m)ξ (y)|dν(y))2
≤
n+R
∑
m=n−R
(∫
X
|φ(y,m)|2dν(y) ·
∫
BR(x;dmΓ )
|ξ (y)|2dν(y))
≤
n+R
∑
m=n−R
∫
BR(x;dmΓ )
|ξ (y)|2dν(y),
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where the last inequality uses the fact that
∫
X |φ(y,m)|2dν(y)≤‖φ‖2 = 1 for everym∈N.
Since ξ ∈ L2(X ,ν) and supx∈X ν(BR(x;dnΓ))→ 0 as n→∞, it follows that ‖Φ(T )(φ)‖2→
0 for n→ ∞. We can hence choose N large enough so that ‖Φ(T )(φ)‖ ≤ ε for every φ
with supp(φ)⊆ BR((x,n);dΓ) for some (x,n) ∈ OΓX rCN , as desired. 
Combining Proposition 5.1 with Lemma 5.5, we obtain the following:
Corollary 5.6. Let (X ,d) be a compact metric space with diameter at most 2 endowed
with a non-atomic probability measure ν of full support, and Γy (X ,d,ν) a measure-
class-preserving continuous action. Then each Φ(P) ∈B(L2(OΓX ,ν×λN)) for P ∈P
is a non-compact ghost projection in the Roe algebra C∗(OΓX) of the integral warped
cone OΓX.
5.2. Counterexamples to the coarse Baum–Connes conjecture. In this subsection, we
will consider the subsetQX ≔ X×{2n | n∈N} of X× [1,∞) and the associated subspace
QΓX (which we will call sparse warped cone) of the unified warped cone OΓX . The main
goal is to show that under certain mild assumptions all non-compact ghost projections in
the Roe algebra C∗(QΓX) lie outside the image of the coarse Baum–Connes assembly
map. In particular, they all violate the coarse Baum–Connes conjecture.
As before, we define a ∗-homomorphism ΦQ as follows:
ΦQ : B(L
2(X ,ν))→B(L2(QΓX ,ν×λN)), T 7→ T ⊗ Idℓ2({2n|n∈N}).
It is easy to see that Corollary 5.6 still holds in this setting: under the same assumption,
each ΦQ(P) with P ∈P is a non-compact ghost projection in the Roe algebra C∗(QΓX)
. We call GQ = ΦQ(PX) the sparse Drut¸u–Nowak projection.
The idea of the proof is to construct two “trace” maps τd and τu on K0(C∗(QΓX)),
whose restrictions to the image of the coarse assembly map coincide and yet take different
values on every non-compact ghost projection in C∗(QΓX). The following argument is a
combination of those in [17, 43, 57]. We have decided to provide here a fair amount of
details, because it also requires a few (minor) adaptations and extensions.
Remark 5.7. The choice of 2n in the definition of QΓX is rather arbitrary and made for
the sake of concreteness. We could equally set QX = X ×{an | n ∈N} for any other
sequence {an}n∈N ⊆ [1,∞) as long as limn,m→∞ |an−am|= ∞.
5.2.1. The trace τd. For each n∈N, we denote byQn ∈B(L2(QΓX ,ν×λN)) the orthog-
onal projection onto L2(X×{2n},ν). For T ∈B(L2(QΓX ,ν×λN)) with propagation at
most 2n−1, we have QnT = TQn and define Tn ≔ QnTQn ∈ C∗(X ×{2n}). Hence, the
map
C[QΓX ] ∋ T 7→ (Tn)n∈N ∈ ∏nC
∗(X×{2n})⊕
nC
∗(X×{2n})
is multiplicative, contractive and ∗-preserving on the algebraic Roe algebra C[QΓX ].
Thus, it yields a ∗-homomorphism on the entire Roe algebraC∗(QΓX).
As each X ×{2n} is compact, C∗(X×{2n}) is ∗-isomorphic to theC∗-algebra of com-
pact operators K(L2(X×{2n})). Hence, the canonical trace map Tr on K(L2(X ×{2n}))
induces Tr∗ :K0(C∗(X×{2n}))→Z. As in [57, Section 6] and [43, Section 3], we define
the trace map
τd : K0(C
∗(QΓX))→ ∏R⊕
R
as the composition of the trace Tr∗ : K0(C∗(X×{2n}))→Z⊆R with the map
K0(C
∗(QΓX))→ K0
(
∏nC
∗(X×{2n})⊕
nC
∗(X×{2n})
)
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induced by T 7→ (Tn)n∈N under the identification
K0
(
∏nC
∗(X×{2n})⊕
nC
∗(X×{2n})
)

K0(∏nC
∗(X×{2n}))
K0(
⊕
nC
∗(X×{2n})) 
∏nK0(C
∗(X×{2n}))⊕
nK0(C
∗(X×{2n})) .
The proof of the following lemma is almost identical to the proof of [57, Theorem 6.1],
we include here a short proof for the convenience of the reader.
Lemma 5.8. Let p ∈ C∗(QΓX) be any projection, then τd([p]) = 0 if and only if p is
compact. In particular, we have τd([ΦQ(P)]) , 0 for every P ∈P .
Proof. Firstly, we note that for every T ∈ C∗(QΓX), we have [T,Qn]→ 0 as n→ ∞. In
particular, for every projection p ∈C∗(QΓX) we have that QnpQn gets arbitrarily close to
some honest projections qn in C∗(X×{2n}) as n→ ∞. In other words, [(QnpQn)n∈N] =
[(qn)n∈N] in ∏nC∗(X×{2n})/
⊕
nC
∗(X×{2n}).
By the definition of τd, we have that
τd([p]) = [(Tr(q1),Tr(q2), . . .)] = [(dim(q1),dim(q2), . . .)],
where dim(qn) denotes the dimension of the range of qn. On the other hand, as QnpQn→
qn it follows that the projection p is compact if and only if dim(qn) = 0 for all but finitely
many. So we conclude that τd([p]) = 0 if and only if p is compact. 
5.2.2. The trace τu. In order to construct the other trace map τu, we need some extra
assumptions and preliminaries.
Following [45], we equip QX = X×{2n | n ∈N} with the open cone metric
dQ((x1, t1),(x2, t2))≔ (t1∧ t2) ·d(x1,x2)+ |t1− t2|
so that QX and QΓX coincide as sets but are equipped with different metrics. We can
then define a metric dΓ×Q on the product Γ×QX as the largest metric such that
• dΓ×Q((γ,(x1, t1)),(γ,(x2, t2)))≤ dQ((x1, t1),(x2, t2));
• dΓ×Q((γ,(x, t)),(ηγ,η · (x, t))≤ ℓ(η)
for every γ,η ∈ Γ and (x1, t1),(x2, t2) ∈QX .9
The projection to the second coordinate gives a natural quotient map pi : Γ×QX →
QΓX and the metric dΓ×Q is defined so that the quotient metric on QΓX coincides with
the warped metric dΓ. Since X is compact, it is shown in [45, Proposition 3.10] that the
action on X is free if and only if pi is asymptotically faithful. Recall that a surjective
map between metric spaces pi : (Y,dY )→ (Z,dZ) is called asymptotically faithful if for
every R> 0 there is a bounded subsetCR ⊆ Z such that the restriction of pi to every R-ball
centred at a point outside of pi−1(CR) is an isometry [45, 57]. Asymptotic faithfulness
will play an important role later on, we thus need to restrict our attention to free actions.
In order to estimate operator norms of finite propagation operators in B(L2(Γ×QX)),
we assume that the metric space (Γ×QX ,dΓ×Q) has the operator norm localisation
property (ONL) (see [8]). Namely, if we equip Γ×QX with the product measure λΓ×ν×
λN (here λΓ is the counting measure on the discrete group Γ), we say that (Γ×QX ,dΓ×Q)
has ONL if for every c ∈ (0,1) and r > 0 there exists an R > 0 so that for any operator
T ∈B(L2(Γ×QX)) of propagation at most r there exists a unit vector ξ ∈ L2(Γ×QX)
with diam(suppξ )≤ R satisfying ‖Tξ‖ ≥ c‖T‖.
9We remark that the metric dΓ×Q is denoted by d′1 in [43] and it is isometric—but not equal—to the
metric d1 used in [45, Definition 3.6]. The latter is also denoted by d1 in [43].
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Remark 5.9. It follows from [8, Proposition 2.4] that the above definition of ONL is
equivalent to the original definition in [8, Definition 2.3]. It follows from the work of
Sako [41] that—for metric spaces that are proper and have bounded geometry— ONL is
also equivalent to property A in the sense of [40, Definition 2.1] (see [43, Corollary 2.5]
for a proof).
Remark 5.10. For a Lipschitz action Γ y X on a compact space X , the metric space
(Γ×QX ,dΓ×Q) has ONL under either of the following conditions:
(1) if Γ has property A and X is a manifold;
(2) if the asymptotic dimension of Γ is finite and X is an ultrametric space.
We refer to [43, Corollary 2.11] for a more general statement.
As in [43, Section 3.2], let ρ : Γ y X be a free action so that pi : Γ×QX → QΓX
is asymptotically faithful. Let T ∈C∗(QΓX) be an operator with propagation at most r
and let n0 be large enough so that for every n > n0 the quotient map pi restricts to an
isometry on every ball of radius 3r in Γ×X ×{2n} ⊆ Γ×QX . This allows us to define,
for every n > n0, a canonical Γ-equivariant lift T ′n ∈ C[Γ×X ×{2n}]Γ of the operator
Tn = QnTQn ∈C∗(X ×{2n}). Specifically, given ξ ,η ∈ L2(Γ×X ×{2n}) with support
of diameter at most r we define
〈T ′nξ ,η〉≔
{
〈Tn(ξ ◦σ),η ◦σ〉, if dΓ×Q(suppξ ,suppη) ≤ r,
0, otherwise,
where σ is the inverse of the restriction of pi to supp(ξ )∪supp(η). Note that the subspace
spanned by vectors with diameter of supports at most r is dense in L2(Γ×X ×{2n}),
hence T ′n is well-defined. It is verified in [43, Lemma 3.1] that each T ′n is bounded, and it
is clear that each T ′n has propagation at most r and is locally compact and invariant under
conjugations.
Moreover, [43, Lemma 3.2] shows that if (Γ×QX ,dΓ×Q) has ONL, then ‖T ′n‖ ≤ c‖T‖
for every n ∈N and some uniform constant c > 0 coming from ONL. It follows that the
map T 7→ [(T ′n)n∈N] induces an algebraic ∗-homomorphism:
Ψ : C[QΓX ]−→ ∏nC
∗(Γ×{2n}×X)Γ⊕
nC
∗(Γ×{2n}×X)Γ
which can be extended to a C∗-homomorphism on the whole C∗(QΓX). As a matter of
fact, it is possible to obtain a slightly improved control on the norm of Ψ(T ) (the proof is
omitted as it is equal to the proof of [58, Lemma 13.3.11]):
Lemma 5.11. Let Γy X be a free action and assume that (Γ×QX ,dΓ×Q) has ONL.
Then for every T ∈ C[QΓX ] we have that
‖Ψ(T )‖= sup
R≥0
lim
n→∞sup{‖Tnξ‖ | ξ ∈ L
2(X×{2n}),‖ξ‖= 1,and diam(suppξ )≤ R}.
Lemma 5.11 allows us to identify the kernel of Ψ with the closed ideal consisting of all
ghost operators inC∗(QΓX) (compare with [58, Corollary 13.3.14]):
Corollary 5.12. Let Γy X be a free action and assume that (Γ×QX ,dΓ×Q) has ONL.
Given T ∈C∗(QΓX), then Ψ(T ) = 0 if and only if T is a ghost operator.
Proof. By continuity of Ψ, it follows from Lemma 5.11 that the formula
‖Ψ(T )‖= sup
R≥0
lim
n→∞ sup{‖Tnξ‖ | ξ ∈ L
2(X×{2n}),‖ξ‖= 1,and diam(suppξ )≤ R}
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also holds for every T ∈C∗(QΓX). So Ψ(T ) = 0 if and only if for every R,ε > 0, there
exists an N0 ∈N such that for every n> N0 and every unit vector ξ ∈ L2(X×{2n}) with
diam(suppξ ) ≤ R, we have ‖Tnξ‖ ≤ ε . The latter condition holds if and only if T is a
ghost operator. 
We resume the construction of the trace τu following [43, Section 3.2]. It can be shown
that for every n ∈N we have a ∗-isomorphism
C∗((Γ×X×{2n}),dΓ×QX)Γ C∗r (Γ)⊗K(L2(X×{2n})),
whereK(L2(X×{2n})) denotes the compact operators. The latter admits a trace τ coming
from the canonical traces on both tensor factors. More precisely, we let
τ(p)≔ Tr(χ1pχ1),
where χ1 is the characteristic function of {1}×X ×{2n}, and Tr is the canonical trace
on K(L2(X ×{2n})). Finally, we define the trace τu on K0(C∗(QΓX)) as the following
composition:
K0(C
∗(QΓX))
Ψ∗−→K0
(
∏nC
∗(Γ×X×{2n},dΓ×Q)Γ⊕
nC
∗(Γ×X×{2n},dΓ×Q)Γ
)

∏nK0(C
∗(Γ×X×{2n},dΓ×Q)Γ)⊕
nK0(C
∗(Γ×X×{2n},dΓ×Q)Γ)
τ∗−→ ∏R⊕
R
.
Consequently, Corollary 5.12 together with Corollary 5.6 prove the following:
Proposition 5.13. Let (X ,d) be a compact metric space of diameter at most 2 equipped
with a non-atomic probability measure ν of full support, and Γ y (X ,d,ν) be a free
measure-class-preserving continuous action. Assume that (Γ×QX ,dΓ×Q) has ONL.
Then for every ghost projection p ∈ C∗(QΓX), we have τu([p]) = 0. In particular, for
any projection P ∈P we have τu([ΦQ(P)]) = 0.
5.2.3. Comparing the two traces. The concluding argument goes exactly as in [17, 43,
57]. The key idea is to use Atiyah Γ-index Theorem [4] to show that whenever p is a
projection in the Roe algebra such that [p] belongs to the range of the coarse assembly
map, then
τd([p]) = τ
u([p]) ∈ ∏R⊕
R
.
This argument first appeared in [17, Proposition 5.6]. The detailed proof (in the case of
graphs) can be found in [57, Lemma 6.5] (see also [43, Theorem 3.3] for the case of
compact metric spaces).
Together with Lemma 5.8 and Proposition 5.13, we deduce that every K-theory class
of a non-compact ghost projection in the Roe algebra is not in the image of the coarse
assembly map (see [57, Theorem 6.1] for the case of graphs). In particular this applies to
any projection Φ(P) with P ∈P . We record this fact as a theorem, as it is the main result
of Section 5 and it generalises [43, Theorem 3.5] from measure-preserving actions with a
spectral gap to measure-class-preserving asymptotically expanding actions:
Theorem 5.14. Let (X ,d) be a compact metric space of diameter at most 2 equipped
with a non-atomic probability measure ν of full support, and ρ : Γy (X ,d,ν) be a free
continuous measure-class-preserving action. Further assume that (Γ×QX ,dΓ×Q) has
ONL.
If p = ΦQ(PY ) for any domain Y ⊆ X of asymptotic expansion or p = ΦQ(P̂Y,S) for
any domain Y ⊆ X of Markov S-expansion, then [p] does not belong to the image of the
coarse assembly map.
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In particular, if the action ρ is asymptotically expanding then the class of the sparse
Drut¸u–Nowak projectionGQ violates the coarse Baum–Connes conjecture for the sparse
warped cone QΓX.
The following corollary follows immediately from Theorem 5.14 and Remark 5.10:
Corollary 5.15. Let (X ,d) be a compact metric space of diameter at most 2 equipped
with a non-atomic probability measure ν of full support, and let ρ : Γy (X ,d,ν) be a
free Lipschitz measure-class-preserving asymptotically expanding action under either of
the following conditions:
(1) if Γ has property A and X is a manifold;
(2) if the asymptotic dimension of Γ is finite and X is an ultrametric space.
Then the coarse Baum–Connes conjecture for the sparse warped cone QΓX fails.
Example 5.16. Given a chain of finite index subgroups Γ > Γ1 > Γ2 > · · · , we consider
the inverse limit X = lim←−Γ/Γi. This space is homeomorphic to a Cantor set, and the
uniform measures on Γ/Γi induce a natural probability measure ν on X (ν is obviously
non-atomic and with full-support). Further, X can also be given an ultrametric by letting
d((γiΓi)i∈N,(γ ′iΓi)i∈N)= 2
−n where n is the smallest index such that γnΓn , γ ′nΓn. Clearly,
Γ acts X by left multiplication and the action is isometric and measure-preserving. Further,
if
⋂
i∈NΓi = {1} then the action is free. Such an action is called a profinite action.
Abért–Elek constructed in [1, Theorem 5] a free profinite action Fky (X ,d,ν) of any
finitely generated non-abelian free group Fk that is strongly ergodic (and hence asymptot-
ically expanding) but does not have a spectral gap.
Since the free group has asymptotic dimension 1, we can hence apply Corollary 5.15
to deduce that QFkX violates the coarse Baum–Connes conjecture. This fact does not
directly follow from [43, Theorem 3.5], as the action does not have spectral gap. More-
over, X is an ultrametric space, so QFkX is not coarsely equivalent to a disjoint union of
finite graphs ([43, Proposition 4.6 (1)]). This implies that this result cannot be deduced
by combining the approximating space construction from [26] with results in [24].
Remark 5.17. It is not hard to check that the sparse and unified warped cones arising from
a free profinite action have bounded geometry10 if and only if there is a uniform upper
bound on the indices [Γi : Γi+1] for i ∈N.
It follows that the sparse warped cone in Example 5.16 does not have bounded geome-
try in general: the construction of Abért–Elek requires chains of subgroups with indices
growing very quickly (this is important in the proof of [1, Lemma 6.2]). It would be in-
teresting to know if it is possible to find a chain Γ > Γ1 > · · · with uniformly bounded
indices [Γi : Γi+1] such that the induced profinite action is strongly ergodic but has no
spectral gap.
5.3. Non-coarse embeddability. In this subsection we prove that warped cones arising
from asymptotically expanding actions do not coarsely embed into any Hilbert space. One
of the ground-breaking results by Yu was to verify the coarse Baum–Connes conjecture
for every proper bounded geometry metric space which coarsely embeds into some Hilbert
space [61]. It follows from Theorem 5.14 that the sparse warped cone QΓX coming from
an asymptotically expanding action of Γ on a compact metric space X cannot coarsely
embed into Hilbert spaces provided that (Γ×QX ,dΓ×Q) has ONL and QΓX has bounded
geometry (it is not hard to show that if (X ,d) is proper, so is (OΓX ,dΓ)). Below we will
10A metric space (X ,d) has bounded geometry if for every ε,R> 0 there exists an N ∈N such that any
ε-separated subset of an R-ball of X has at most N elements.
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strengthen this result and show both ONL of (Γ×QX ,dΓ×Q) and bounded geometry of
QΓX are redundant.
Recall that a map F : (X ,dX)→ (Z,dZ) is a coarse embedding between metric spaces
if there exist non-decreasing unbounded functions ρ± : [0,∞)→ [0,∞) such that
ρ−(dX(x,x′))≤ dZ(F(x),F(x′))≤ ρ+(dX(x,x′)),
for all x,x′ ∈ X .
The following proposition is a (partial) extension of [33, Theorem 3.1] from the set-
ting of measure-preserving actions with a spectral gap to asymptotically expanding mea-
sure-class-preserving actions. The proof combines the idea in [33, Theorem 3.1] with
Proposition 3.19:
Proposition 5.18. Let (X ,d) be a compact metric space of diameter at most 2 equipped
with a non-atomic probability measure ν , and ρ : Γy (X ,d,ν) be a continuous measure-
class-preserving and asymptotically expanding action.
If A⊆ [1,∞) is any unbounded subset and dΓ is the warped cone metric on OΓX, then
(X×A,dΓ) does not admit a coarse embedding into any Hilbert space.
Proof. From Proposition 3.19, there exist a finite symmetric subset 1 ∈ S ⊆ Γ and a
domain Y ⊆ X of Markov S-expansion such that there is a constant Θ ≥ 1 such that
1/Θ ≤ r(s,x) ≤ Θ for every x ∈ Y and s ∈ SY,x = {s ∈ S | s · x ∈ Y}. Hence, we have
1− λ2 > 0 by Theorem 3.7 (see also (3.5)) and we let κ ≔ 12(1−λ2) > 0. For every
g ∈ L20(Y,ν), it follows from Proposition 3.11(1)-(2) that g ∈ L20(Y, ν˜Y,S). Hence, it fol-
lows from Proposition 3.11(3) (see also (3.14)) that
‖g‖2ν,2 ≤ κ ∑
s∈S
∫
Y∩s−1(Y )
r(s,x)1/2|g(x)−g(s · x)|2dν(x)
≤ κ
√
Θ ∑
s∈S
∫
Y∩s−1(Y )
|g(x)−g(s · x)|2dν(x).
Assume now that (X × A,dΓ) admits a coarse embedding into Hilbert space ℓ2(N).
If F : (Y ×A,dΓ)→ ℓ2(N) denotes the restriction of the coarse embedding, then we let
Ft : Y → ℓ2(N) be the restriction of F to the level set Y ×{t} for t ∈ A. For each t ∈ A, the
associated coefficient function of Ft is denoted by F
(n)
t for n∈N. Every F (n)t is a function
in L2(Y,ν), and we have
∑
n∈N
∑
s∈S
∫
Y∩s−1(Y )
|F(n)t (x)−F(n)t (s · x)|2dν(x) = ∑
s∈S
∫
Y∩s−1(Y )
‖Ft(x)−Ft(s · x)‖2ℓ2(N)dν(x)
≤ ∑
s∈S
∫
Y∩s−1(Y )
ρ+(d
t
Γ(x,s · x))2dν(x)≤ ρ+(M)2|S|,
whereM≔maxs∈S ℓ(s).
After translating Ft if necessary, we may assume that F
(n)
t ∈ L20(Y,ν). This implies that
for each t ∈ A we have
‖Ft‖2ν,2 = ∑
n∈N
‖F(n)t ‖2ν,2 ≤ κ
√
Θρ+(M)
2|S|< ∞.
On the other hand, since F(n)t ∈ L20(Y,ν) we also have"
Y×Y
‖Ft(x)−Ft(y)‖2ℓ2(N)dν(x)ν(y) = 2‖Ft‖2ν,2.
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We will thus reach a contradiction by showing that
(5.1)
"
Y×Y
‖Ft(x)−Ft(y)‖2ℓ2(N)dν(x)ν(y)→ ∞, as t→ ∞.
Since ν is non-atomic and Γ is countable, the set
N ≔ {(x,y) ∈ Y ×Y | Γ · x= Γ · y}
is measurable and has measure zero by Fubini’s theorem. On the other hand, for any
x,y ∈ Y lying in different Γ-orbits the distance dΓ((x, t),(y, t)) = dtΓ(x,y)→ ∞ as t → ∞.
Since F is a coarse embedding, it follows that ‖Ft(x)− Ft(y)‖2ℓ2(N) → ∞. Hence, we
deduce (5.1) and obtain the desired contradiction. 
Remark 5.19. Let 1< p < ∞. By interpolation, if Y is a domain of Markov S-expansion
then the Markov operator PY,S has norm strictly less than one also when regarded as an
operator on Lp0(Y, ν˜Y,S). An easy modification of the proof of Proposition 5.18 shows
that the warped cone does not coarsely embed into Lp for any 1< p< ∞. Moreover, the
warped cone cannot coarsely embed into L1-spaces as well because it is shown in [34,
Proposition 4.1] that every L1-space coarsely embeds into a Hilbert space.
Example 5.20. [33, Theorem 3.1] does not apply to the warped cones arising from the
profinite actions Fk y (X ,d,ν) of Abért–Elek (Example 5.16). However, we may use
Proposition 5.18 to conclude that the sparse warped cone QFkX as well as the unified
warped OFkX cannot be coarsely embedded into any Hilbert space.
Note also that the non-embeddability of QFkX does not immediately follow from the
fact that it violates the coarse Baum–Connes conjecture. In fact, Yu’s argument only ap-
plies to bounded geometry proper metric spaces, while the warped cones in Example 5.16
have unbounded geometry (Remark 5.17).
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